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This unit introduces several algorithms, chosen to illustrate typical 
approaches to some standard types of problem involving some form of 
optimization. 

The five sections are largely independent and, with the exception of Sections 
3.and 4, need not be studied in numerical order. 


Section 1 revises and extends ideas introduced in Graphs 1. It involves the 
calculation of sums and products of matrices; the examples chosen are very 
simple and do not take long to calculate directly. However, you may prefer to 
use the Matrix manipulation package. If you are not familiar with matrix operations, 
you will need to use this package to familiarize yourself with the basic ideas before studying 
Section 1, There is a computer activity designed to help you to do this in the 
Computer Activities Booklet, 


Section 2 is an audio-tape section which introduces two short, but important, 
algorithms. 


Sections 1, 2 and 3 are followed by computer activities. 
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Introduction 


The mathematical concept of a path in a network is powerful in enabling a 
wide range of problems to be represented and solved. Typical examples 
include finding an appropriate route through a road system, or scheduling 
a building project by ordering related activities as a path in time from the 
commencement to the completion of the project. 


Often we want to choose the ‘best’, or ‘optimal’, path. Finding paths 
involves all four types of combinatorial problem discussed in the 
Introduction unit. 


Existence problem: does there exist a path between two given 
vertices? 


Construction problem: can we construct a path? 


Enumeration problem; how many paths are there? 
can we list them all? 


Optimization problem: can we find the ‘best’ paths available? 


Situations in which we wish to find optimal paths are often naturally 
modelled using networks. Usually the arc appropriately models the 
transition from one state or position to another, and the optimization 
problem is in terms of weights attached to the arcs and/or the vertices 
(capacities, lengths, costs, times). Network theory enables us to define 
optimal for particular situations, and gives methods for finding the 
optimal paths. These methods are often expressed as algorithms which 
find the desired optimal paths by construction. 


In this unit we show how various situations can be modelled by networks, 
and we present several algorithms for finding different types of optimal 


path, 


In Section 1, Algorithms using adjacency matrices, we study walks in a 
digraph, and show that we can establish their existence by using the 
adjacency matrix of the digraph. We then consider walks with special 
properties, and show how to find Eulerian trails and Hamiltonian cycles 
in a digraph by working directly with the adjacency matrix. 


In Section 2, Optimal path algorithms, we describe two algorithms: a 
shortest path algorithm and a longest path algorithm. Finding the shortest 
path has applications in areas such as road, rail and air transport 
planning. However, the shortest path problem can appear in many other 
guises, such as telecommunications and the design of complex machines. 


In Section 3, Critical path analysis, we consider the problem of finding 
optimal paths in activity networks. These are networks representing the 
various stages in the completion of a project involving a number of related 
activities. An optimal path represents an optimum schedule for the 
project. Within such networks, some activities are critical in the sense that 
any delay in completing them delays the completion of the whole project. 
Critical path analysis identifies these activities and finds paths with 
the minimum completion time for the project, given a sufficient number of 
workers, thus establishing the optimum time that can be achieved in the 
given circumstances. 


In Section 4, Scheduling, we discuss the related problem of finding the 
optimum schedule for the activities of a project when the number of 
workers available is restricted. In this type of problem, the critical path 
cannot usually be achieved; however, it is important to minimize the 
completion time. 


In practical situations involving the organization of projects, the optimum 
solution may not be the completion of the project in the minimum time, but 


the completion of the project within an acceptable time with the 
minimum number of workers or minimum resources. For example, we may 
wish to determine how many workers or machines are needed to complete 
an assembly task within a given number of days. This type of problem can 
be represented as a combinatorial packing problem, and is discussed briefly 
in Section 5, Bin packing. 


1 Algorithms using adjacency matrices 


This section requires you to carry out matrix multiplication, If you are 
not familiar with matrix manipulations or need to revise them, use the 
computer activity on Matrix manipulation in the Computer Activities 
Booklet. 


One of the first questions we may ask about a graph or digraph is: are two 

given vertices connected by a path? This is an existence problem. Related to 

this is the corresponding enumeration problem: how many walks or paths 

are there connecting any given pair of vertices? In particular, we may be 

interested in finding all the paths with some particular property, such as 

Eulerian trails or Hamiltonian cycles. In this section we show how we can 

solve these problems by using the adjacency matrix of the graph or Adjacency matrices were defined in 
digraph, As this is a Networks unit, we concentrate on digraphs; however, Graphs 1, Section 4.1 

several of our results have analogues for graphs. 


1.1 Walks in digraphs 


We begin by considering walks rather than paths; that is, we do not require 
all the vertices or all the arcs to be different. 


Consider the following digraph and table. 


The table shows the number of walks of length 1 between each pair of 
vertices, for example: 


the number of walks of length 1 from a to cis 0, 
so 0 appears in row 1 column 3; 

the number of walks of length 1 from b to ais 1, 
so 1 appears in row 2 and column 1; 

the number of walks of length 1 from d to b is 2, 
so 2 appears in row 4 column 2. 


Now a walk of length 1 is an arc, so the table above is the adjacency 
matrix A of the digraph (shown in the margin). 


coro 
neoo 
ecco 
oo 


Next, we consider walks of lengths 2 and 3. For example, there are two 
different walks of length 2 from a to b, since there is one are from a to d and 
there are two arcs from d to b. Similarly, there are two different walks of 
length 3 from d to d, since there are two arcs from d to b, and one walk of 
length 2 from b to d, namely, bad. 


1 
adjacency matrix A 


Problem 1.1 


(a) Complete the following tables for the numbers of walks of lengths 2 
and 3 in the above digraph. 


a be od Abe ad: 
a 2 a 
b 1 
(3 c 
d d 2 


numbers of walks of length 2 numbers of walks of length 3 


(b) Find the matrix products A? and A®, where A is the adjacency matrix 
of the above digraph, 


(c) Comment on your results. 


The solution to the above problem illustrates the following theorem. 


Theorem 1.1 


Let D be a digraph with n vertices labelled 1, 2, ..., n; let A be its 
adjacency matrix with respect to this listing of the vertices, and let k be 
any positive integer. Then the number of walks of length k from vertex i 
to vertex j is equal to the entry in row i and column j of the matrix A‘. 


Proof 
The proof is by mathematical induction on k, the length of the walk. 


STEP 1 The result holds when k = 1, since the number of walks of length 1 
from vertex i to vertex j is the number of arcs from vertex i to vertex j, and 
this is equal to the entry in row i and column j of the adjacency matrix A. 


STEP 2 We now assume that k > 1, and that the result holds for all 
positive integers less than k. 


We must prove that the result holds for the positive integer k. 


Consider any walk of length k from vertex i to vertex j, Such a walk 
consists of a walk of length k—1 from vertex i to some vertex r adjacent to 
vertex j, followed by a walk of length 1 from vertex r to vertex j. 


length k-1 length 1 
* See 
i oo 
nd r 
length k 


By our assumption, the number of walks of length k - 1 from vertex i to 
vertex r is the entry in row i and column r of the matrix A‘, which we 


denote by alt ~)) Since the number of walks of length 1 from vertex r to 
vertex j is 4,;, it follows that 


the number of walks of length k from vertex i to vertex j 
via vertex r (at the previous step) is Yay. (*) 
Now the total number of walks of length k from vertex i to vertex j equals 


the number of such walks via vertex 1 (at the previous step) 
+ the number of such walks via vertex 2 (at the previous step) 


+ the number of such walks via vertex r (at the previous step) 


+ the number of such walks via vertex n (at the previous step). 


a aq 
d c 
A‘ is the kth power of the matrix A. 


Proofs by induction are discussed in 
the Appendix to Graphs 1. 


We used aj; to denote the element in 
row iand ae jina matrixA, 

We use ae to denote the element 
in row iand column j in the 
matrix AM, 


By our previous result (*), this is equal to 
fag allay tll Yay 4a May 


By the rules for matrix multiplication, this is the entry in row i and 
column j of the matrix product A‘ 7A = A‘, as required. 


column j column j 
HA 
12 
row |) (DD, | - ee. 
ny 
Ae A ak 


Thus, if the result holds for all positive integers less than k, then it holds 
for the integer k. This completes Step 2. 


Therefore, by the principle of mathematical induction, the theorem is 
true for all integers k. | a 


Problem 1.2 7 an 
Consider the following digraph. 


c 
d 


Write down the adjacency matrix A, calculate the matrices A?, A® and A‘, 
and hence find the numbers of walks of lengths 1, 2, 3 and 4 from b to d. Is 
there a walk of length 1, 2, 3 or 4 from d to b? 


Theorem 1.1 also gives us a method of determining whether a digraph is 
strongly connected, by working directly from its adjacency matrix. 


Recall that a digraph is strongly connected if there is a path from vertex i _ If there is a walk from vertex i to 

to vertex j, for each pair of vertices i and j, and that a path is a walk in vertex j in a digraph, then there must 
which all the vertices are different. For example, in the digraph bea path, so, for convenience, we 
considered earlier, there are four vertices, so a path has length 1, 2 or 3. consider walks. Proving statements 
We have seen that the numbers of walks (including the paths) of *b0ut paths is much panes ue 
lengths 1, 2 and 3 between pairs of distinct vertices are given by the non- Paces ststemetp about walks, 


diagonal entries in the following matrices, The diagonal entries are those on the 
main diagonal from top left to bottom 
010) :0) 2 02:1 0 Ziel, OO right. 
ait (00) 0: 210° 0:10 ft 320" 2 4 30 
S10 1 "00|\ “eal ono 0/) milo onan 
Oe t 0) 21 0 0 10/16) 52, 


By examining these matrices, we can see that each pair of distinct vertices 
is indeed joined by at least one path of length 1, 2 or 3, so the digraph is 
strongly connected. However, we can check this more easily if we consider 
the matrix B obtained by adding the three matrices together as shown 


below. 
28, de 
NE PA Chem meee ta E 
B=A+A°+A°= 11-04 
sie 2 2 


In the matrix B, each entry bj is the total number of walks of lengths 1, 2 
or 3 from i to j. We see that all the non-diagonal entries are positive, 
which means that each pair of distinct vertices is connected by a path. 


We generalize this result, as follows. 


Theorem 1.2 


Let D be a digraph with n vertices labelled 1, 2, n; let A be its 
adjacency matrix with respect to this listing of the vertices, and let B 
be the matrix 


B=A+A?+--+A", 


Then D is strongly connected if and only if each non-diagonal entry in B 
is positive; that is, bj > 0 whenever i + j. 


Proof 


(a) If each non-diagonal entry in B is positive; that is, bj > 0 whenever 
i#j, then all) > 0, for some k <n — 1. Therefore there is a walk of 
length at most n — 1 from vertex i to vertex j whenever i #j, and so the 
digraph D is strongly connected. 


(b) If the digraph D is strongly connected, then there is a path from any 
vertex to any other. If the digraph has n vertices, then such a path 
must pass through at most n — 2 intermediate vertices, and so must 
have length at most n — 1, It follows that af) > 0 for at least one 
value of k <n ~ 1, and hence that b,j, the entry in row i and column j of 
B, must be positive; that is, bi; > 0 whenever i #j. a 


Problem 1.3. — 


Find B for the digraph in Problem 1.2, and hence determine whether the 
digraph is strongly connected. 


Problem 1.4 


Use Theorem 1.2 to determine whether the digraph with the following 
adjacency matrix is strongly connected, 


00 Ol 6 
12 1 0.10 
00 0 tb 0 
00 0.40 4 
01000 


1.2 Eulerian digraphs x Asse! 


Recall that a connected digraph is Eulerian if there is a closed trail that 
includes every arc just once; such a trail is called an Eulerian trail. For 
example, the following digraph is Eulerian; an Eulerian trail is 


abedefogcegfa. 
<b 


As for connected graphs, we can give a necessary and sufficient condition 
for a connected digraph to be Eulerian. 


ORPNw 
Hor 
NeRe 


2 
B=A+A?+A°= ‘ 
3 


Graphs 1, Section 3.4, 


You met this digraph in Graphs 1. It is 
digraph (a) at the beginning of 
Section 3.4. 


Theorem 1.3 


A connected digraph is Eulerian if and only if, for each vertex, the out- 
degree equals the in-degree. 


Problem 1.5 


(a) For the above digraph, write down the adjacency matrix A, and also 
the in-degree and out-degree for each vertex. 


(b) Comment on your results. 


Recall that if A is the adjacency matrix of a digraph, then the sum of the 
entries in any row of A is the out-degree of the corresponding vertex, and 
the sum of the entries in any column is the in-degree of the corresponding 
vertex. It follows that we can easily determine the out-degree and the in- 
degree of each vertex directly from the adjacency matrix, and thus 
determine whether the digraph may be Eulerian. To show that a digraph 
is Eulerian, we must also show that it is connected. We can show that a 
digraph is connected either by inspection of the adjacency matrix, or by 
showing that it is strongly connected, using Theorem 1.2. 


Problem 1.6 


Consider the following adjacency matrix A. 


@'6 crud) We 
401000 
60 0100 
e110001 
400100 
«(00010 


Write down the out-degree and the in-degree of each vertex of the 
corresponding digraph D, and hence determine whether D is Eulerian, 
Check your answer by drawing the digraph D. 


Once we have checked that an adjacency matrix represents an Eulerian 
digraph, we can find an Eulerian trail directly from the adjacency matrix. 
The method depends on the following result. 


Theorem 1.4 


An Eulerian digraph can be split into cycles, no two of which have an 
arc in common, 


To find an Eulerian trail in an Eulerian digraph, the first step is to find a 
cycle C; in the digraph. Either this is an Eulerian trail, or the removal of 
this cycle leaves a digraph in which the out-degree and. in-degree are 
still equal for each vertex. We can therefore find another cycle C) in the 
resulting digraph. Continuing in this way, we eventually split the 
digraph into cycles. Finally, we join these cycles together to give the 
required Eulerian trail. 


We illustrate how to do this, working directly with the adjacency matrix, 
in the following worked problem. 


Graphs 1, Theorem 3.2. 


Graphs 1, Section 4.1. 


‘The matrix row and column headings 
are the vertex labels of the digraph. 


Graphs 1, Theorem 3.3. 


The digraph is Eulerian, so the out- 
degree and in-degree of each vertex 
are equal, In a cycle, the out-degree 
and in-degree of each vertex is 1. 


Worked problem 1.1 


abede 

Find an Eulerian trail in the digraph D with the adjacency matrix A 2/0 1 0 0 0 
shown in the margin. +0 0100 
SEL OM Omng 

Solution ajo 0100 
e(0 0010 


We have shown in Problem 1.6 that the digraph D is Eulerian. We now 
look for a cycle in D by examining A. 


We first choose any non-zero entry in A; let us choose the entry aj) (the An Eulerian trail contains each arc 
entry in row 1 and column 2). We start the cycle with an arc from a to b, just once, so once we have used an arc 
and reduce aj, by 1 (to 0), in a cycle, we need to make sure that 
we do not use it again. We therefore 
reduce the corresponding entry in A 


byl. 


a 


a 


We now want an arc from b, so we consider row 2 (the row with vertex 
label b) and choose any non-zero entry; the only possibility is the entry 
4%; in column 3 (the column with vertex label c). We continue the cycle 
with an arc from b to c, and reduce ay; by 1 (to 0). 


moooosn 
coroot 


¢ 
0 
1 
0 
1 
0 


“209 916 
corocs 
coooce 


aaAnes 
eoo-ocn 
ecoocos 
oroces 
mooocon 
coroor 


c 


We next want an arc from c, so we consider row 3 and choose any non-zero 
entry; let us choose the entry a3). We continue the cycle with an are from c 
to a, and reduce a3; by 1 (to 0), This completes the first cycle C,; abea. 


a 


aageeR 
ecoceos 
coocoos 
er-ooeos 
mocoon 
coroot 


cy 
We repeat the process, choosing a non-zero entry and building up another « 
cycle, arc by arc. For example, starting with the non-zero entry in row 4, 


we obtain arcs from d to c,c to e, and e to d, thus completing another cycle 
Cy: deed. 


Each entry in the matrix is now zero, indicating that there are no more 
arcs and hence no more cycles, 


We finally obtain an Eulerian trail by joining these cycles together atc. C,: abca 
We do this by replacing c in C, by Cz, after writing C as cedc. This gives 
the Eulerian trail abcedca, 


a 
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We now give a formal statement of the algorithm for finding Eulerian 
trails directly from the adjacency matrix. 


Algorithm for finding an Eulerian trail in a digraph ‘For Pe rae algerithn adualy 
To fi Z Bt E A a Sie a collection of cloreck Pile 
0 find an Eulerian trail in a digraph D with no loops, and adjacency go Jy og i - 
matrix A, carry out the following steps. Saw age? MONET Mean ndt bee 
Fol 

START Set counter p = 0. 
STEP 1 Increase p by 1. 

Find a row k with a non-zero entry. % 

Set n =k and put vertex vj at the start of a eae: Cy = vy... 
STEP 2 Choose m such that ay» > 0. ¥ 

Include vertex v», as the next vertex in .egete Cy 

Reduce ay», by 1. 

Set n =m. 

Ifn #k, return to the beginning of Step 2. 


Ifn = kand not all elements of A have been reduced to zero, store 
t p and return to Step 1; otherwise go to Step 3. 

STEP 3 If there is only one stored this is the required Eulerian 
trail. STOP. Be ary cl 5 


Otherwise, in the set of stored , find two C; and C; 
with at least one vertex v in common. In C;, replace the vertex v 
by Cj, after writing C; in the form Cj =v...v. 


Delete C, from the set of stored 


"esi 
Repeat this process until a single closed trail remains — this is 46 ic) 
the required Eulerian trail. STOP. Le Sane agin 


Problem 1.7 
Find an Eulerian trail in the digraph with the following adjacency An Eulerian trail in this digraph was 
matrix A. Start with the entry a. found in Graphs 1, Problem 3,13(b), 
abede 
a0 1100 
400011 
ei 08 i, 30, 
att 101010! 1 
e{1 0100 


1.3 Hamiltonian digraphs + Assn 


Recall that a connected digraph is Hamiltonian if there is a cycle which Graphs 1, Section 3.4. 
passes through every vertex; thus in a digraph with n vertices a 

Hamiltonian cycle has length n. Unfortunately, we have no general 

method of testing whether a given adjacency matrix is that of a 

Hamiltonian digraph. 


However, we can find Hamiltonian cycles in a digraph D with no loops 
directly from its adjacency matrix. We demonstrate this method by the 
following worked problem. 


11 


Worked problem 1.2 


Find all the paths, cycles and Hamiltonian cycles in the digraph with 
the following adjacency matrix. 


a 


Races 
oroon 
coors 
-oroe 

cones 


Solution 


The digraph has four vertices, so we wish to find all the cycles of 
length 4. 


One systematic way of proceeding is to list all the paths which start from 
each vertex. Thus, working from the digraph or the adjacency matrix, we 
can record all paths of length 1 (arcs) in the digraph as follows. 


ab ¢ @ 
a | - ab - ad 
b|- - be bd 
ca- - - 
d|- - de - 


paths of length 1 

Similarly, we can record all paths and cycles of length 2 as follows. 
ay a. ed 

abe 

ale abd 

bde - 

cab - 


ie ee 


b | bea - 
ei = cad 
d|dea - - - 


paths of length 2 


Next, we record all paths and cycles of length 3 as follows. 


a b c d 


abea 


a be abde — 

b |bdea beab - bead 
cabe 

ec] = Saber hs cabd 

d| - dceab - dcad 
paths of length 3 


Finally, we record the Hamiltonian cycles — the cycles of length 4. 


a b c d 


a jabdca — = = 
b| - bdeab - = 
= - cabde —- 
d|- = —  dcabd 
cycles of length 4 
In fact, these cycles are all the same, so there is only one Hamiltonian 
cycle, abdca. a 
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We give the digraph so that you can 
appreciate the significance of the 
tables shown below. 


The entry ab in row 1 and column 2 
denotes a path from a to b. 


The entry abc in row 1 and column 3 
denotes a path from a to b toc. 


Note that the paths from a to ¢ (abe 
and adc) both belong to the same cell 
of the matrix. 


The algorithm for this problem generates matrices of the same form as the 
tables shown above. The entries are called strings and the matrices are 
combined by latin multiplication (denoted by #), which is similar to matrix We have chosen a character on the 


multiplication with the strings combined as follows: computer keyboard that is not 
j : already being used as an operator — 
* string multiplication concatenates the strings; for example, hence the unusual use of #. 


U4 0204 X 03 U5 = Oj 02040305 
* string additions are written one above the other; for example, 


Dy0 24 


P1024 + 0305% = yoAy 


*  astring which includes a vertex more than once is 0 unless such a 
vertex occurs just at the beginning and the end; for example, 


01020, 03 = 0 
U,VyV3V, #0 
* 0x (anything) = 0 
* 0+ (something) = (something) 


Problem 1.8 


Find the matrix products C = C # D, C’ = C? # D and Ct = C*# D, using 
latin multiplication, where 


0 ab 0 ad obod 
0 0 be bd _|(0) 0 ¢ d 
Cr lcai <0) 40i\| * Pela: 0 00 
0 0 ad 0 00¢ 0 


Hint The element in row 1 and column 3 of C # D is obtained by adding 
the four products 


0x0=0, abxc=abe, 0x0=0, adxc=ade; 


abe 


so this entry is 777. 


We now give a formal statement of the algorithm for finding Hamiltonian 
cycles directly from the adjacency matrix. 


Algorithm for finding Hamiltonian cycles in a digraph 


To find all the Hamiltonian cycles in a digraph with n vertices and no 
loops, carry out the following steps. 


STEP 1 Define an n x n matrix C as follows. 


Put 
cj = vj if there is an arc from v; to vj, There is an arc from vj to vj whenever 
cj = 0, otherwise. the entry aj; in the adjacency matrix A 
is non-zero. 


Define an n x n matrix D to be the matrix obtained from C by 
deleting the first vertex in each non-zero entry of C. 


Set k = 1, where k is the power to which the matrix C is raised. 
STEP2 Form Ct! =k #D, where # denotes latin multiplication. C=cc?=C'#p. 
STEP 3 If k+1#n, increase k by 1 and return to Step 2. 
If k+1=n, STOP. 
The entries in C* give the paths of length k, fork =1, ..., n. 
The entries in C” give the Hamiltonian cycles. 


We now repeat the previous worked problem using the above algorithm. 
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Worked problem 1.3 abed 
Find all the Hamiltonian cycles in the digraph with the adjacency ; i . | 
matrix A shown in the margin. 
eJ/1 000 
Solution 40010 
The digraph has four vertices, so a Hamiltonian cycle has length 4, and 
n= 4, 
STEP 1 The matrix C is as follows. 
0 ab 0 ad 
cu|9 9 be bd The entries in C are the paths of 
a0 60) 0 length 1. 
0 0 de O 
Deleting the first vertex of each non-zero entry of C, we obtain 
) b 30 a 
jo0cd 
D=l,000 
00c 0 
Set k = 1 and write C!= C. 
STEP 2 We form C?=C # D. You found C? in Problem 1.8. 
abe 
0 0 abe abd 
C?=|bea 0 bde 0 The entries in C* are the paths of 
0 cab 0 cad length 2. 
da 0 0 0 
STEP3 Sincek + 1 = 2 andn=4,k+1#n,sosetk = 2. 
STEP 2 We form C3 = C2 # D, You found Cin Problem 1.8. 
[abea 
adc 9 abde 0 
C= bdca beab 0 bead The entries in C are the paths and 
cabe cles of length 3. 
0 0 CIE cabd ii 8 
0 dceab 0 dead 
STEP3 Sincek + 1 = 3 andn=4,k+1#n,sosetk = 3. 
STEP2 We formC! = @ # D. You found Ct in Problem 1.8, 
abdca 0 0 0 
che 0 bdeab 0 0 The entries in Care the paths and 
0 0 cabde 0 cycles of length 4. 
0 0 0 deabd a 
STEP3 Sincek + 1 = 4 = n, STOP. 
The entries in C* are all the same, so there is only one Hamiltonian cycle, 
abdca. Mic b 


“4 


Problem 1.9 


Find all the Hamiltonian cycles in the digraph with the adjacency 


matrix A shown in the margin. 


1.4 Computer activities 


The computer activities for this section are described in the Computer 


Activities Booklet. 


After studying this section, you should be able to use the adjacency 
matrix of a given digraph to: 


determine the number of walks from one given vertex of the 
digraph to another; 


determine whether the digraph is strongly connected; 


determine whether the digraph is Eulerian; 


find an Eulerian trail in an Eulerian digraph with no loops, 
using the given algorithm; 


find all the Hamiltonian cycles (if any) in a digraph with no 
loops, using the given algorithm. 


2 Optimal path algorithms 


2.1 Shortest and longest paths 


In this section we consider problems which involve finding the longest or 
shortest paths in a network. There are two audio-tape sequences. In the 
first we describe the shortest path algorithm and in the second show how it 
can be modified to find the longest path in a network without cycles. This 
longest path algorithm forms the basis of the algorithm we shall use in 
Section 3 to find a ‘critical path’ in an ‘activity network’ for problems on 
scheduling. 


> 
ory o's 
or ore 
re ooon 
cores 


Now listen to bands 2 and 3 of Audio-tape 2. The associated frames are 
in Audio-tape Notes X1. 


2.2 Computer activities 


The computer activities for this section are described in the Computer 
Activities Booklet. 


After studying this section, you should be able to: 


* apply the shortest path algorithm to find the shortest path(s) 
between two vertices in a weighted digraph; 


apply the longest path algorithm to find the longest path(s) 
between two vertices in a weighted digraph without cycles, 
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3 Critical path analysis 


In Sections 3 and 4 we describe the use of network analysis in planning and 
scheduling the activities involved in large-scale projects such as those 
occurring in industry. The methods of solution to these problems are given 
as algorithms. 


These network problems are, in general, considerably more complex than 
those we have studied earlier. A characteristic of many of the scheduling 
problems which we discuss is that there are no known efficient algorithms 
for finding optimum solutions. 


Any project which can be broken down into separate activities 

interrelated in time can be represented by a network called an activity 

network. An example is shown in the following figure, which is an 

activity network for the construction of a small building such as a garage. 

Here the vertices represent separate activities involved in the project, 

and are numbered as well as having the activity label. The number next to We explain the significance of the 
each arc is the completion time of the activity represented by the vertex numbers on the vertices shortly. 
at the beginning of that arc. We use this building construction as an 

illustrative example throughout this section. 


activity network for building construction 


We shall show how the minimum completion time for the whole project 
can be determined by finding a longest path, called a critical path, through 
the corresponding activity network. 


Many companies use network analysis as an aid to the planning and 
control of large-scale projects. The first forms of network analysis were 
devised and used in the USA in the late 1950s, Since that time, many 
different systems of network analysis have been developed which use the 
same basic techniques, 


An essential part of these systems is the use of an activity network to 
represent a project. Once an activity network has been constructed, we can 
find a critical path, which tells us the minimum completion time for the 
project. We can then calculate the earliest and latest times by which each 
activity must begin if the project is not to be delayed. 


Two types of activity network are in common use. Here we use the type in 
which each vertex represents an activity (as in the above example). Later 
in this section we describe the other type, in which each vertex represents 
an event (a stage in the process corresponding to the start or finish of one or 
more activities), and give a brief comparison of the two types. 


Note that, throughout this section, we assume that there is no restriction on 
the number of workers available. 


In Section 4 we investigate the problem of scheduling activities for a 
given number of workers. 
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3.1 Activity networks using vertices to represent activities 


We begin by considering the project to construct a garage. The separate 
activities involved, and their estimated durations, are given in the 
following table, 


activity duration 
(in days) 

A_ prepare foundations u 

B_ make and position doorframe 2 

C lay drains, floor base and screed 15 

D_ install services and fittings 8 

E erect walls 10 

F plaster ceiling 2; 

G_ erect roof ‘) 

H_ install doors and windows, 8 

and paint outside 
I fit gutters and pipes 2 
] paint inside 4 


Clearly, some of these activities cannot be started until other activities 
have been completed. For example, with the traditional methods of 
building, activity G (erect roof) cannot begin until activity E (erect walls) 
has been completed. 


The following list of precedence relations shows which activities must 
precede which. 


D must follow E 

E must follow A and B 
F must follow D and G 
G must follow E 

H must follow G 

I must follow C and F 

J must follow I 


We can represent this process of construction by the activity network given 
at the beginning of the section. 


In this type of activity network, each activity is represented by a 
numbered vertex. An arc joining a vertex X to a vertex Y indicates that the 
activity represented by X must be completed before the activity 
represented by Y can be started. The number associated with an arc is the 
duration of the activity from which that arc is incident. For example, the 
arc joining A to E indicates that activity E must follow activity A, and the 
number 7 next to the arc is the duration (in days) of activity A. The 
activity network thus represents the precedence relations in 
diagrammatic form. 


Notice that the activity network has a START vertex and a FINISH vertex 
— these do not represent any activities, but are included to complete the 
network. Since the START vertex does not represent an activity, the 
duration time associated with each arc leading from that vertex is zero. 


In each of our examples, we simply 
state a list of precedence relations, 
We do not discuss the problem of 


actually obtaining a minimal list (that 


is, a list containing no redundant 


information) of precedence relations 


for a given project. Note, however, 


that redundancies in the precedence 
relations lead to redundant ares in the 


activity network (see Problem 3.1). 
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An activity network can be used to find the minimum time necessary for 
the completion of the project it represents. Before showing how this is 
done, we present a systematic method for constructing an activity network 
from a table of precedence relations. 


Algorithm for constructing an activity network 


The following algorithm is a systematic procedure for numbering the 
activities and then drawing the activity network. One of the advantages 
of using this method rather than drawing the activity network by trial 
and error is that it produces a clear diagram in which the vertices are 
placed in a logical order. 


The algorithm is in two parts: 
Part A of the algorithm is a procedure developed by D. R. Fulkerson for 
numbering the activities and the corresponding vertices. The activities 


are numbered in such a way that each activity is assigned a number 
greater than the number assigned to any activity which must precede it. 


Part B of the algorithm is a procedure for drawing the activity network. 


Activity network construction algorithm 


Part A: procedure for numbering the vertices 


START Represent each activity by a vertex. 


For each vertex, create a shadow vertex, so that for each 
activity there are two corresponding vertices — the original 
vertex and the shadow vertex. 


Construct a bipartite graph in which one set of vertices consists 
of the original vertices, and the other set consists of the shadow 


vertices. 
original shadow 
vertices vertices 
Ae OA 
Be OB 
ce oc 
Ne ON 


If an activity Y must follow an activity X, draw an edge joining 
the original vertex representing Y to the shadow vertex 


representing X. 
x toate x 
Y oY 


STEP 1 Number consecutively all the original vertices (chosen in any 
order) which have no edges incident with them. Record the 
numbering, together with the iteration number, 


STEP2 Delete all numbered vertices, their corresponding shadow 
vertices, and all edges incident with these vertices. 
If not all the vertices have been numbered, return to Step 1. 
If all the vertices have been numbered, go to Part B, Step 3. 
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Part B: procedure for drawing the activity network 


STEP 3 


STEP 4 


STEP 5 


Draw a START vertex, and the vertices numbered in the first 
iteration. 


Draw an arc from the START vertex to each vertex which was 
numbered in the first iteration. 


Assign a weight of zero to each arc. 


Draw the vertices which were numbered in the next iteration. 


To each such vertex Y, draw an arc from each previously 
numbered vertex X if there is an edge joining the original vertex 
Y to the shadow vertex X in the original bipartite graph 
constructed in Part A. 

Assign a weight to each arc XY equal to the duration of the 
activity X, 


Repeat until all vertices have been included in the activity 
network, 


Draw a FINISH vertex, 

From each terminal vertex Z (that is, each vertex whose out- 
degree is zero), draw an arc to the FINISH vertex. 

Assign a weight to each such arc equal to the duration of the 
corresponding activity Z. STOP. 


The activity network has now been constructed. 


We illustrate the above procedure by using it to construct an activity 
network for the building construction example. 


Worked problem 3.1 


Construct an activity network for the building construction example, using 
the above algorithm. The activities and precedence relations are 
repeated below, 


activity duration preceding 
(in days) activities 

A prepare foundations if 

B_ make and position doorframe 2 

C lay drains, floor base and screed 15 

D_ install services and fittings 8 E 

E erect walls 10 A,B 

F plaster ceiling 2 D,G 

G erect roof 5 E 

H_ install doors and windows, 8 G 

and paint outside 
I fit gutters and pipes 2 Cur 
] _ paint inside 3 I 
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Solution 
Part A: procedure for numbering the vertices 


START We draw a bipartite graph with a vertex in each set 
corresponding to each activity, the original vertex in one set and 
a corresponding shadow vertex in the other set. 
We draw an edge joining an original vertex to one of the shadow 
vertices if the activity corresponding to the original vertex must 
follow the activity represented by the shadow vertex. 


We thus obtain the following bipartite graph representing the 
precedence relations, 


original shadow D must follow E 
vertices _vertices 
Ae A 
Re B E must follow A and B 
ce c 
F must follow D and G 
D D In the bipartite graph an edge joins 
the original vertex representing an 
E E G must follow E activity to the shadow vertex 
Fr representing an activity which must 
de it. 
G G H must follow G Rae 
H OH 
I must follow C and F 
1 ee 1 
i o] ] must follow I 


First iteration 


STEP 1 The original vertices which have no edges incident with them RECORD: _ iteration 1 
are A, B and C. Thus we assign the number 1 to vertex A, 2 to — 
vertex B, and 3 to vertex C, as shown on the left below. 

STEP 2 We delete the numbered vertices, the corresponding shadow 
vertices and all the edges incident with them. We are left with 
the graph shown on the right below. 


B2 
C3 


fetes! verdes 

Ae A 

@ Be B 

@ce c 
D D D D 
E E Ee E 
F F F F 
G G G 
H oH H oH 
! 1 I 1 
J ean ee. 

STEP 1 STEP 2 


Second iteration 


STEP 1 The only original vertex which has no edge incident with it is RECORD; _ iteration 2 
vertex E, so we number this vertex 4 as shown on the left below. =p = 


STEP 2 We delete the vertex E, its shadow vertex and the edges incident 
with it. We are left with the graph shown on the right below. 
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D D De D 
@ee E 
F Fi 
G mm c5o 
H OH Hi OH 
I :f I T 
a pee, 


Third iteration 


STEP 1 We number vertices D and G as shown on the left below. 


STEP 2 We delete vertices D and G, their shadow vertices and the edges 
incident with them. We are left with the graph shown on the 
right below. 


@pe D 
F E Fe F 
@Ge G 
H oH He oH 
1 I I ! 
a, 


STEP 1 STEP 2 


Fourth iteration 


STEP 1 We number the vertices F and H as shown on the left below. 


STEP 2 We delete vertices F and H, their shadow vertices and the edge 
incident with F. We are left with the graph shown on the right 


below, 
@ Fe F 
8)He OH 
a ome 
o} if ° 
STEP 1 STEP 2 


Fifth iteration 
STEP 1 Wenumber vertex I. 


STEP2 We delete vertex I, its shadow vertex and the remaining edge. 
We are left with only vertex J. 


STEP 1 STEP 2 


Sixth iteration 


STEP 1 We number the remaining vertex J. 


Je oO] 


STEP 1 STEP 2 


STEP 2 This completes Part A of the algorithm, as all the vertices have 
been numbered. We now proceed to Part B. 


RECORD; 


RECORD: 


RECORD: 


RECORD: 


iteration 3 


DS 
G6 


iteration 4 


F7 
HB 


iteration 5 
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iteration 6 


J 10 


2) 


Part B; procedure for drawing the activity network 


Using the information recorded when carrying out Part A, we construct the 
following activity network which we gave at the beginning of this 


section. 
iteration 1 2 3 4 5 6 
weriices Al E4 DS F7 19 710 
numbered 32 omar S 
c3 
' ' ' { ' ' 
A G H 
5 
(6) 


Gane 


The details of the construction of this network are given below. 


STEP 3 We draw the START vertex, and the vertices numbered in the We place the vertices drawn in each 
first iteration: A, B and C. We then draw arcs from the START _ iteration in vertical columns. 
vertex to A, B and C, assigning a zero weight to each. 

STEP 4 In the second iteration we numbered vertex E, so we add vertex E 
to the activity network. 

From the original bipartite graph showing the precedence 
relations, we see that A and B must precede E, so we draw arcs; 
from A to E, with weight 7 (the duration of A); 
from B to E, with weight 2 (the duration of B). 


STEP 4 In the third iteration we numbered vertices D and G, so we add We have placed vertex G above 
vertices D and G to the activity network. vertex D to avoid later arcs of the 


Activity E must precede D and G, so we draw arcs: met eee caneea) 
from E to D, with weight 10 (the duration of E); 
from E to G, with weight 10 (the duration of E). 
STEP 4 In the fourth iteration we numbered vertices F and H, so we add 
vertices F and H to the activity network. 
Activities D and G must precede F, and activity G must precede 
H, so we draw arcs: 


from D to F, with weight 8 (the duration of D); 
from G to F, with weight 5 (the duration of G); 
from G to H, with weight 5 (the duration of G). 
STEP 4 In the fifth iteration we numbered vertex I, so we add vertex | to 
the activity network. 


Activities C and F must precede I, so we draw arcs: 


from C to I, with weight 15 (the duration of C); 
from F to I, with weight 2 (the duration of F). 


STEP 4 In the sixth iteration, we numbered vertex J, so we add vertex ] to 
the activity network. 


Activity I must precede J, so we draw an arc: 
from I to J, with weight 2 (the duration of 1). 

All the activities have now been represented by vertices in the 

activity network. 

STEP5 We draw a FINISH vertex. 

From the terminal vertices H and J, we draw arcs: 
from H to FINISH, with weight 8 (the duration of H); 
from J to FINISH, with weight 3 (the duration of J). 


The activity network is now complete and is the one given at the beginning 
of this section, a 


Note that, as well as ordering the activities, the procedure in Part A 
enables us to detect any inconsistencies in the precedence relations. Fo: 
example, suppose that we are given the following precedence relations. 


B must follow A A A 
A must follow C B B 
C must fol B c c 


To start the algorithm, we construct the above graph, but we cannot 
proceed with Step 1, because there are no isolated vertices. The activities 
form a cycle, so it is impossible to schedule them, since none of the 
activities can be started, If a cycle arises from a list of precedence 
relations, then such relations are not compatible with a feasible schedule. 
The presence of a cycle is revealed by the numbering procedure, since no 
numbers can be assigned to any of the vertices representing activities of 
the cycle. 


Problem 3.1 


The process of assembling a bicycle is divided into the following 
activities. The precedence relations are also shown in the table, 


activity duration preceding 
(in minutes) —_ activities 

A_ prepare frame, including front fork 7 

B_ mount and align front wheel 7 

C mount and align back wheel if DE 

D attach dérailleur to frame 2 

E install gear cluster 3 D 

F attach chain wheel to crank 2 D 

G attach crank and chain wheel 2 E 

to frame 

H_ mount right pedal and toe-clip 8 LENDS 

I mount left pedal and toe-clip 8 E, F,G 

] make final attachments; fix and adjust 18 A, B, C, D, E 


handlebars, saddle and brakes 


Use the algorithm to construct an activity network for this process. 


Problem 3.2 


The activity network you constructed in Problem 3.1 contains some 
redundant arcs. Which are they and which are the redundant precedence 
relations? 


3.2 Activity networks using vertices to represent events 


An alternative type of activity network uses arcs to represent activities 
and vertices to represent events. An event is a stage in the process 
corresponding to the start or finish of one or more activities. For example, 
if activities B and C must follow activity A, this can be represented as 
follows. 


Vertices 10 and 20 represent the start and finish of activity A. The 
event 20 is also the start event for activities B and C. Activities are 
commonly referred to by quoting their start and finish event numbers; so, 
for example, activity C is referred to as activity 2040. 


In the numbering procedure no vertex is numbered until the vertices at the 
tail of any arc pointing towards it have been numbered. 


With this type of activity network, it is sometimes necessary to introduce 
dummy activities. For example, if activity C must follow activity A, and 
activity D must follow activities A and B, we would draw the activity 
network as follows. 


The dummy activity 3050, represented by the dashed line, is introduced to 
show that activity D cannot start until activity A has been completed. 
Dummy activities have no time duration. Note that this activity network 
is not the same as the following network, which represents the case when 
both C and D must follow both activities A and B. 


Mr. ¢c@ 
130) 
er 8 a) 
Dummy activities are also used when two activities have the same start 


and end events. This is done so that each activity can be referred to by a 
different number, An example is given below. 


As an illustration, we give below an activity network with vertices 
representing events for the building construction example. 
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You may be wondering why the 
vertices of the activity network are 
numbered with such large numbers. 
‘The reason is that during the 
planning stage, or later, it may be 
necessary to include additional 
activities. The style of numbering 
adopted allows additional vertices to 
be conveniently numbered in the 
correct sequence. 


3.3 Comparison of the two types of activity network 


The first methods of network analysis to be developed used the type of 
activity network in which vertices represent events. Two methods of this 
type were developed at about the same time in the late 1950s and were 
the first to be used in the planning of large-scale industrial projects. These 
were PERT (Program Evaluation and Review Technique) and CPM 
(Critical Path Method), PERT was used by the US Navy to plan the 
Polaris missile project, where the main objective was to complete the 
project in the shortest possible time. This was a complex project involving 
activities whose times could not be accurately predicted. CPM was 
developed by the Du Pont de Nemours Company; here the primary concern 
was to minimize the total cost of a project. The most widely accepted 
distinction between PERT and CPM concerns the performance times for the 
activities. CPM is used for cases where these times can be predicted 
reasonably accurately. The important distinctive feature of PERT is that 
the technique permits probabilistic estimates of activity times, and so can 
accommodate research and developmental projects in which times for 
activities cannot be predicted with confidence. This means that it can also 
be used for projects which may suffer disruption through strike action or 
late delivery of materials, 


The type of activity network in which vertices represent activities was 
developed by Bernard Roy of Metra International, a management 
consultancy firm. This type of activity network is easier to understand and 
easier to construct than the other type. In particular, it does not require 
the use of dummy activities. A disadvantage for some applications is that 
the events are not included in the network, which makes it more difficult 
to plan a number of concurrent projects. 


In this unit we have chosen to introduce both types of activity network, 
but to concentrate on the type of activity network in which vertices 
represent activities, because its construction is more straightforward than 
for the other type. The analysis of both types of activity network have 
the same essential features and involve finding a ‘critical path’ in the 
network, Our aim is to explain the basic principles and techniques on 
which practical methods of network analysis such as PERT and CPM are 
based. However, both PERT and CPM involve complexities which cannot 
be included here. 


The algorithms we give are in a form suitable for the type of activity 
network in which vertices represent activities. However, the same 
algorithms can be adapted, with only minor modifications, for the other 
type of activity network. 


3.4 Critical paths 


When planning a project, we usually need to know the minimum time 
needed to complete the project. We can calculate this minimum completion 
time from the activity network for the project. To do this, we find a longest 
path, called a critical path, from the START vertex to the FINISH vertex. 
By alongest path we mean a path for which the sum of the times 
associated with the arcs of the path (that is, the length of the path) has 
the largest possible value. The minimum completion time is equal to 
the length of a critical path. 


A delay in completing any activity on a critical path delays the 
completion of the project by the same amount. Note that an activity network 
may contain more than one critical path. 


A critical path can be found by 
inspection in a small activity network, 
but for larger examples we need a 
systematic method. Such a method is 
given below in the form of an 
algorithm. 


Problem 3.3 


What is the effect on the completion time of a project of a delay in the 
completion of an activity which is not on any critical path? 


In the solution to the above problem we saw that an activity not on a 
critical path may be delayed by a certain amount without delaying the 
whole project. The maximum time by which an activity may be delayed 
without delaying the project is called the float of that activity. 


If a project is to be completed in the shortest possible time, then particular 
attention must be paid to the activities on any critical path. For other 
activities, there is some leeway in their starting time or duration — the 
amount of leeway for such an activity is its float. 


In Section 2 we discussed the problem of finding a longest path in a 
network. This problem is closely related to the problem of finding a 
critical path in an activity network, and we could use the longest path 
algorithm given in Section 2 to find a critical path in an activity network. 
However, because of the special structure of an activity network — namely, 
the way the vertices are numbered — we can improve on this method. The 
algorithm we now give for finding a critical path is more efficient than 
the longest path algorithm given in Section 2. 


Algorithm for constructing critical paths 


The algorithm for finding a critical path in an activity network is similar 
to the longest path algorithm, except that we make use of the numbering 
of the vertices in the activity network. We saw earlier that this 
numbering is possible only because an activity network contains no cycles. 


The algorithm is in two parts: 
Part A is a forward scan, in which vertices are labelled consecutively. 
Part B is a backward scan, in which critical paths are identified. 


We give a formal statement of the algorithm, and then illustrate its use 
with an example. We adopt the following notation. 


Conventions 


We assume that the network involves n activities. We regard the 
START vertex as the Oth vertex and the FINISH vertex as the (n + 1)th 
vertex, 


The duration of activity i represented by the arc ij is denoted by Ch js 


The algorithm assigns labels p; and ¢; to each vertex j for j = 0, 1, ..., 
n + 1. When the algorithm has been completed: 


¢; is the length of the longest path from the START vertex to vertex j; 


piis the number of the preceding vertex on this longest path. 


Critical path construction algorithm 


Part A: labelling procedure 


STEP 1 Assign to the START vertex (vertex 0) the labels py = 0 and eg = 0, 

STEP 2 Carry out the following procedure for each vertex j, starting 
with j = 1 and continuing with j = 2, j = 3, and so on, until all the 
vertices (including the FINISH vertex, corresponding to j =n +1) 
have been labelled. 
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We shall see later that e; is the 
‘earliest starting time’ of the activity 
represented by vertex j; that is, the 
earliest time at which the activity can 
be started. 


In general, there may be more than 
one critical path. However, in each of 
our worked problems there is only 
one. 


For the current vertex j, calculate, for each arc ij incident to 
vertex j, the sum e; + ¢j;. 


Choose the maximum value of these sums for all such arcs ij, and 
set ¢; equal to this value. 


Set p; equal to the value of i for which this sum is largest; in the 
case of a tie, choose any of the appropriate values. 


Part B: tracing back procedure 


STEP 3 Start with the FINISH vertex n +1, and mark the arc joining this 
vertex to the preceding vertex p,, 41. 


STEP 4 Consider the vertex j from which the last marked arc is incident. 
Mark the arc joining this vertex to the preceding vertex pj. 


Repeat until the START vertex is reached. STOP. 
The marked arcs form a critical path. 
The sum of the weights on the arcs of the critical path is the minimum 
completion time, and is given by the value of ¢,,,,. 


We illustrate the above procedure by an example. 


Worked problem 3.2 


Find a critical path in the following activity network for the building 
construction example, using the critical path construction algorithm. 


A Gos H 


activity network for building construction 
Solution 


Part A: labelling procedure 
STEP 1 
Vertex We label the START vertex with po = 0 and eg = 0. 
STEP 2 We consider each vertex in turn. 
Vertex There is only one arc incident to this vertex, so 
& = 9+, =0+0=0. 


We set p; equal to the number of the vertex from which the 
corresponding arc is incident, so 


pi =0. 
Vertex 2 The situation is the same for these vertices as for vertex 1. 
Vertex3 The current labels are shown in the following diagram. 
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B20 
Vertex4 There are two arcs incident to this vertex: 
for the arc joining vertex 1 to vertex 4, 
ey +c 4=0+7=7; 
for the arc joining vertex 2 to vertex 4, 
2+ 4=0+2=2. 
The larger of these sums is the first, so 
e4=7; 
P4= 1. 
Vertex5 There is only one arc incident to vertex 5, from vertex 4, so 
5 = 4+ Cy 5= 7 +10=17; 
ps=4. 
Vertex6 There is only one arc incident to vertex 6, from vertex 4, so 
C6 = 4+ Cyg= 7 +10=17; 
Po=4. 
The labelling of vertices 4, 5 and 6 is shown on the following 
diagram. 


=0 
ed 


Vertex 7 There are two arcs incident to this vertex: 
for the arc joining vertex 5 to vertex 7, 
5+ C57=17+8=25; 
for the arc joining vertex 6 to vertex 7, 
6 4+C67=17+5=22. 
The larger of these'sums is the first, so 
e7 = 25; 
p7=5. 
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Continuing in this way, but recording our values in a table, we assign 
labels to all the vertices. The resulting labels are shown in the diagram 
below the table. 


A OT eo 
0 = = = - 0 0 any vertex from which there is an are 
1 0 0 0 0 0 0 to vertex } 

2 0 o 0 0 0 0 ee 
re 0 0 0 ; j 
ee iG 7 rie gel 

< 2 08 2 2 

5 4 7 0 ww =w 

6 fa to a 7 

De ye AE 

7 € © & 2 

eG eG ie a 

eS Oe 

9 FF B@ 2 7 7 ¢ 

0 9 7 2 29 29 9 

mw 8 2 8 a 

1 1 2 3 2 32 410 


The critical path found in Part B 
below is marked on this diagram. 


path in an activity network. 


en 
<0 


activity network for building construction 


Part B: tracing back procedure 
STEP3 The FINISH vertex is vertex 11. 


Since p,; = 10, we mark the arc from vertex 10 to the FINISH 
vertex. 


STEP 4 Since pig = 9, we mark the arc from vertex 9 to vertex 10, 
STEP 4 Since py = 7, we mark the arc from vertex 7 to vertex 9. 
STEP 4 Since p, = 5, we mark the arc from vertex 5 to vertex 7. 
STEP 4 Since p; = 4, we mark the arc from vertex 4 to vertex 5. 
STEP 4 Since py = 1, we mark the arc from vertex 1 to vertex 4. 
STEP 4 Since p; = 0, we mark the arc from the START vertex to vertex 1. 


We use thick lines to show a critical 
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The path obtained in Part B above may also be obtained by tracing back on 
the table from Part A as shown below. 


F In this example there is only one 
; : activity critical path. If there were more than 
j i & Gc aa * pj numbered j one, this would be apparent from the 
pj column (see Exercise 3.7). 

ees = = = 0 0 si 
1— 0 0 0 0 0 0 
2X. 0 0 0 0 0 0 B 
3 \o 0 0 0 0 0 é 
4—1 0 7 7 7 2 E 
4 NG 0 2 2 
54 ym s0 a7 9 49, 4 D 
6\4 7 10) a7 a7 4 G 

5 F 


8 6 17 5 22 22 
9 3 0 5 15 

i commaay’ A 25 2 

10 S—*9: 27 2 

W 8 22 8 30 
pe hs) 29 3 32 32 


: 
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The critical path is via vertices A, E, D, F,I and J. The length of the 
critical path is 0 + 7 + 10+ 8 +2+2+3 = 32, the value of e;;; thus the 
minimum completion time is 32 days. a 


Problem 3.4 


The activity network for the process of assembling a bicycle is reproduced 
below. 


FINISH ) 


\H/ 


activity network for bicycle assembly 


Use the critical path construction algorithm to find a critical path in the 
activity network, and calculate the minimum completion time of the 
project. 
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3.5 Earliest and latest starting times 


The critical path construction algorithm assigns a label e; to each vertex i. 
The value of e; is the length of the longest path from the START vertex to 
the vertex i. In other words, ejis the earliest starting time of activity i, 
since activity i cannot be started until all preceding activities have been 
completed. We can also calculate for each activity i the latest starting 
time 1;, which is the latest time at which activity i can be started 
without delaying the whole project. 


Recall that the float of activity i is the maximum amount of time by which 
the activity can be delayed without delaying the project. Thus the float 
is the difference between these two times: 


float of activity i =1;-e;. 
For an activity i on the critical path, e; =/;. The float of an activity on the 
critical path is therefore zero. 


Problem 3.5 — 


In the following activity network, the critical path is indicated by thick 
lines, and the duration times are in days. 


aces 
a On =O) 
iy 5 4 
START ) 36 i 
0 4 4 z 
/ 
cH . 
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(a) What is the minimum completion time of the project? 

(b) Calculate the earliest starting times for activities 4 and 6. 
(c) Calculate the latest starting times for activities 6 and 4 
(d) Calculate the floats for activities 4 and 6 


(e) Can both activity 4 and activity 6 be delayed by their floats without 
delaying the completion of the project? 


In the above problem, we calculated the latest starting times and the 
floats for two activities in a simple activity network. The following 
algorithm is a systematic method of calculating latest starting times for 
all the vertices. As in the solution to the above problem, we begin at the 
FINISH vertex and work back, vertex by vertex, until all the vertices have 
been considered. 


Algorithm for calculating latest starting times 


This algorithm is applied to an activity network (with n activities) for 
which we have calculated the minimum completion time. It is used to 

calculate the value of the latest starting time |; for each vertex i, for 
i=nt+t1,n,..,1,0. 


STEP 1 For vertex n +1 (the FINISH vertex), set I+; equal to the 
minimum completion time. 


STEP 2 Carry out the following procedure for each vertex i, starting with 
i=n and continuing with i=n-1,i=n-2, and so on, until all the 
vertices including vertex 0 (the START vertex) have been 
considered, 
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For the current vertex i, calculate, for each arc ij incident from Gj 

vertex i, the difference lj c;,;, where cj; is the duration of GS 

activity i. } 

Choose the minimum value of these differences for all such 

ares ij, and set |; equal to this value. 

When the START vertex has been considered, STOP, Note that /) must be zero — if we do 

not obtain this value, then we know 

We illustrate the above procedure by applying it to the activity network _ that we have made a mistake 
and critical path for the building construction example. somewhere. 


Worked problem 3.3 


Use the algorithm to find the latest starting times for the building 
construction example. Hence find the float of each activity. The activity 
network and critical path are shown below. 


FINISH 


Solution 


The minimum completion time is equal to the length of a critical path, so 
in this case it is 32 days. 


We now apply the algorithm. 
STEP 1 For vertex 11 (the FINISH vertex), we set |, equal to the 
minimum completion time: 
ly = 32 days. 
STEP 2 We consider each vertex in turn, 
Vertex 10 There is only one arc incident from this vertex, so 
ho=hi-cion = 32-3 =29. 
Similarly, 
Vertex 9 Ig = li ~ C9 19 = 29-2 = 27; 
Vertex 8 Ig =] ~ 3 11 = 32-8 = 24; 
Vertex 7 1, =ly—c7,g=27-2=25. 
Vertex6 There are two arcs incident from this vertex. For the arc joining 
vertex 6 to vertex 8, the difference is 
Ig—c6,g=24-5=19, 
and for the arc joining vertex 6 to vertex 7, the difference is 
by-¢57=25-5=20. 
The smaller of these differences is the first, so 
1g =19. 
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Vertex 5 


Vertex 4 


Vertex 3 


Vertex 2 


Vertex 1 


Vertex 0 


Only one arc is incident from this vertex, so 
ls=lp—¢57=25-8=17. 


Two arcs are incident from this vertex. For the arc joining 
vertex 4 to vertex 6, the difference is 


lp-fg=19-10=9, 

and for the arc joining vertex 4 to vertex 5, the difference is 
ls-h5=17-10=7. 

The smaller of these difference is the second, so 
u=7. 

Only one arc is incident from this vertex, so 
b= lg—0y9= 27-15 = 12. 

Only one arc is incident from this vertex, so 
h=lh-C4=7-2=5. 

Only one arc is incident from this vertex, so 
h=l-cia=7-7=0. 

This is the START vertex. Three arcs are incident from this 

vertex, For the arc joining vertex 0 to vertex 3, the difference is 
h-@3=12-0=12, 

for the arc joining vertex 0 to vertex 2, the difference is 
h-=5-0=5, 

and for the arc joining vertex 0 to vertex 1, the difference is 
l-@,=0-0=0. 

The smallest of these differences is the last, so 
=0, 


as expected. 


Alternatively, Step 2 of the algorithm can be set out in a table as shown 


below. 


i j jj cj ci if 
ll ‘= = - oe 32 
10 i 32 3 29. 29 
9 10 29 2 27 27 
8 11 32 8 24 24 
7 9 uf 2 25 25 
6 8 24 5 19 19 
6 7 25 5 20 

5 7 25 8 17 17 
4 6 19 10 9 

4 5 17 10 7 7 
3 9 27 15 12 12 
2 4 2 5 

1 4 7 0 0 
0 3 12 0 12 

0 a 0 5 

0 a: 0 0 0 


ij 


Notice that Ig =0. 
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The following table shows the earliest and latest starting times and the 
float of each activity in the building project. 


activity vertex earliest starting latest starting _ float 
numbered i number i time e; time |; li-@ 
START 0 0 0 0 
A a 0 0 0 2 
B 2 0 5 5 
Cc 3 0 12 72 
E 4 t va 0 
D ) 5 17 17 0 ? 
G ) 6 7 19 2 ; 
is Mis 25 25 0 
H ; 8 2 24 °} ‘ 
I 9 27 27 ox 
J 2 10 29 29 0 i 
FINISH aut 32 32 0° 


Notice that, as stated above, any activity which is on a critical path has 
a float of zero — this must be so, since any delay in the completion of an 
activity on a critical path must delay the project. a 


Problem 3.6 


The activity network for the process of assembling a bicycle is reproduced 
below. The critical path is indicated by thick lines; the minimum 
completion time is 30 minutes. 


activity network for bicycle assembly 


(a) Apply the algorithm for finding the latest starting times. 
(b) Calculate the float for each activity. 


Problem 3.7 


A project consists of ten activities A-J. The duration of each activity and 
the activities that must precede each of them are as follows. 
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activity duration preceding 


(in days) activities 

A 10 

B 4 

Cc 8 B 

D 6 Cc 

E 8 I 

F 5 

G 10 A,D 
H 2 G 

I 4 

] 10 Jebel ab i 


Using the algorithms: 
(a) construct an activity network for this project; 


(b) find a critical path and the minimum completion time; 
(c) find the latest starting time and the float for each activity. 


Before leaving the subject of activity networks, we mention an important 
difficulty which often arises in practice — namely that the estimated 
durations of the activities may not be accurate, or may vary during the 
planning and production stages. If estimates change, then the activity 
network must be updated and, if necessary, the calculations of earliest and 
latest starting times repeated. In particular, this may result in a different 
set of activities forming the critical path, The advantage of PERT is that 
at the planning stage three estimates of the time required may be 
specified for each activity — the optimistic time, the most likely time, and 
the pessimistic time. Moreover, software packages are available which 
will handle PERT calculations, thus facilitating the updating of the 
network, and the monitoring and control of the project once it is underway. 


3.6 Computer activities 


The computer activities for this section are described in the Computer 
Activity Booklet. 


After studying this section, you should be able to: 
(a) explain the terms precedence relations, activity 


network, 
critical path, minimum completion time, earliest starting time, 
latest starting time and float; 


(b) distinguish between the two types of activity network in 
common use; 

(c) apply the algorithm to construct an activity network from a 
table of precedence relations; 

(d) find a critical path in an activity network by using the critical 
path construction algorithm, and calculate the minimum 
completion time; 

(e) apply the algorithm to find the latest starting times from an 


activity network with a critical path, and calculate the float of 
each activity, 


c 
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4 Scheduling 


In the previous section we saw that the minimum completion time for a 
project is given by the length of a critical path in the corresponding 
activity network. This is the shortest time in which the project can be 
completed if there is no restriction on the number of workers available. 
However, if there is a limit on the number of workers available, it may 
not be possible to achieve this minimum completion time. If the product of 
this minimum completion time and the number of workers is less than the 
sum of the durations of all the activities, then it is obviously impossible 
to finish in the minimum completion time. Even if the product is not less 
than the sum of the durations, the precedence relations may be such that 
some workers will have idle periods, so that it is again impossible to 
finish in the minimum completion time. 


In this section we investigate the problem of scheduling the activities of a 
project for a given number of workers in the shortest possible time. 


4.1 Scheduling a project for a given number of workers 


We suppose that an ideal schedule satisfies the following conditions, 
which we call the factory rules, 


1 No worker may be idle if there is some activity which can be done. 


2 Once a worker starts an activity, that activity must be continued by 
the same worker until it is completed. 


3 The project must be completed as soon as possible with the manpower 
available. 


These rules imply that the workers should have a minimum amount of 
idle time, and that activities on a critical path should be started as soon 
as possible. 


Suppose, for example, that we wish to schedule the bicycle assembly 
project of the previous section for two workers according to the factory 
rules, 


activity network for bicycle assembly 


As a first attempt at a schedule, let us assign all the activities on the 
critical path to worker 1, and all the remaining activities to worker 2. In 
doing this, we assign the activities in the order of the numbering scheme, 
taking into account the precedence relations involving activities done by 
both workers. In Problem 3.4 we showed that the activities on the critical 
path take a total of 30 minutes. Since the sum of the durations for all the 
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This activity network was constructed 
in Problem 3.1 and the critical path 
was determined in Problem 3.4. 


activities is 64 minutes, the activities assigned to worker 2 take a total of 
34 minutes to complete. So, if the activities are scheduled in this way, the 
shortest possible time for the completion of the project is 34 minutes. The 
actual time may be greater because of the precedence relations, which 
mean that some activities cannot be started until others have been 
completed. 


The resulting schedule is the following. 
time 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 
worker 1 


worker 2 


completion 
ume 
As it happens, this schedule does take 34 minutes — the minimum possible 
time which we calculated for this way of assigning activities, We notice 
that worker 1 is idle for two time intervals each of 2 minutes. 


This schedule violates factory rule 1, since worker 1 could begin activity F 
as soon as he or she finishes activity C. It may also violate factory rule 3, 
since the absolute minimum completion time with two workers is 64/2 
=32 minutes. 


We can improve on the above schedule by assigning activity F to worker 1 
as soon as he or she completes activity C. We thus obtain the following 
schedule, 


time 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 
worker 1 


worker 2 


completion 
time 


This schedule has a completion time of 32 minutes — it is an optimum 
schedule in the sense that it has the shortest possible completion time for 
any schedule for two workers. This schedule also satisfies all the factory 
rules. 


We arrived at this optimum solution by a trial-and-error method. Is it 
possible to devise a systematic method which will produce an optimum 
schedule for any activity network with a given number of workers? The 
answer to this question appears to be ‘no’ — there is no known efficient 
algorithm for doing this. You may argue that, in principle, we can use the 
exhaustion method: list all possible schedules and choose one with a 
minimum completion time. However, the number of possible schedules 
grows so rapidly with the number of activities that there is no possibility 
of examining a small fraction of them, even using a computer, when the 
number of activities is large. 


Since there is no practical algorithm for this type of scheduling problem, 
we use instead a heuristic method — that is, one depending on assumptions 
based on past experience. This method does not necessarily give an 
optimum solution, but usually gives a reasonable one. The following 
heuristic algorithm, called the critical path scheduling algorithm, has often 
been used in industry. It produces a schedule which satisfies the first two 
factory rules, but not necessarily the third rule. 


Algorithm for scheduling activities 


The algorithm assigns activities to a number of processors, which may be 
people or machines. It is assumed that the activity network has been 
constructed and the latest starting times calculated. 


Note that worker 1 is idle for 
2 minutes before starting activity J, 
because activity J cannot be started 


until activity Bhas been completed. 


This is an example of the 
combinatorial explosion. 
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The algorithm makes use of a hypothetical clock to keep track of time. 
We call this the project clock. At the end of each iteration, we advance the 
project clock so that it records the time for which the project has been 


Tunning. 


Critical path scheduling algorithm 


START 
STEP 1 


STEP 2 


Set the project clock to 0. 

If at least one processor is free, assign to any free processor the 
most critical unassigned activity which can be started. 

Repeat until no processor is free or until no unassigned activity 
can be started. 

Advance the project clock until a time is reached when at least 
one activity has been completed, so that at least one processor is 
free, 

If not all the activities have been assigned, return to Step 1. 

If all the activities have been assigned, advance the project 
clock until all the activities have been completed. STOP: the 
project clock gives the minimum completion time. 


We illustrate the above procedure by an example. 


Worked problem 4.1 


Apply the critical path scheduling algorithm to the bicycle assembly 
project for two workers. The activity network for this project, and a list of 
the latest starting times and durations (in minutes) are as follows, 


FINISH ) 


activity network for bicycle assembly 


vertex number i 1 a 8 4 5) jb oF Wer 69) oto 
activity Ay GD? EC. Ger a) 
duration 2 7 Ao OSPR mee Ser MISH AIG 
ij > 3 0! 2. 16; 23; 20) (22) 922 
Solution 


The steps involved in applying the algorithm are given below. 


START 
STEP 1 
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Set the project clock to 0. 


The activities which can be started are A, B and D. The most 
critical of these is activity D, since it has the smallest latest 
starting time. We therefore assign activity D to worker 1. 


The most critical activity is one with 
the smallest latest starting time. 


STEP 2 


Activities A and B can be started, and both have the same latest 
starting time, so either can be chosen. We assign activity A to 
worker 2. 


Advance the project clock to 2 minutes, 
Activity D is completed, so worker 1 is free. 
Activities E and F are now free to be started. 


The current state of the scheduling of the activities is as follows. 


STEP 1 


STEP 2 


time 0 2 4 6 


worker 1 activities free 
to be started: 
worker2 | A BLELF 
time on 
project clock 


There are now three activities which may be started — 
activities B, E and F. Activity E has the smallest latest starting 
time, so we assign activity E to worker 1. 


Advance the project clock to 5 minutes. 
Activity E is completed, so worker 1 is free. 
Activity C is now free to be started. 


The current state of the scheduling of the activities is as follows. 


STEP 1 


STEP 2 


STEP 1 


STEP 2 


STEP 1 


time 0 2 4 6 8 


worker! [Dp] E | activities free 


to be started: 
worker 2 A B,CE 


time on 
project clock 


Of the three activities B, C and F which are free to be started, B 
and C are the most critical. Both have a latest starting time of 
5 minutes. 


We assign activity C to worker 1. (We have chosen C as it on the 
critical path, but B could have been chosen instead.) 


Advance the project clock to 7 minutes. 
Activity A is completed, so worker 2 is free. 


No further activity is made free to be started by the completion 
of activity A. 


Activities B and F are free to be started. Since activity B has the 
smaller latest starting time, we assign activity B to worker 2. 


Advance the project clock to 12 minutes. 
Activity C is completed, so worker 1 is free. 


No further activity is made free to be started by the completion 
of activity C, 


Activity F is the only activity which is free to be started, so we 
assign activity F to worker 1. 


The current state of the scheduling of the activities is as follows. 


time 0 2 4 6 8 10 12 14 16 


worker 1 activities 


free to be started: 


worker 2 none 


time on 
project clock 


Since the project clock is now at 5 
minutes, and since we cannot assign 
both activities B and C to workers at 
this point, there will be a delay in the 
completion of the project — in other 
words, the time taken with this 
schedule will be greater than the 
length of the critical path. 
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STEP 2 Advance the project clock to 14 minutes. 
Activities B and F are completed, so both workers are free, 
Activities G and J are now free to be started. 


STEP 1 Activity J has the smaller latest starting time, so we assign 
activity J to worker 1. 


The only remaining activity which can be started is G, so we 
assign activity G to worker 2. 


STEP 2 Advance the project clock to 16 minutes. 
Activity G is completed, so worker 2 is free. 
Activities H and | are now free to be started. 


STEP 1 Activities H and I have the same latest starting time. We assign 
activity H to worker 2. 


STEP 2 Advance the project clock to 24 minutes. 
Activity H is completed and worker 2 is free, 


STEP 1 Activity | is the only remaining activity, so we assign activity I 
to worker 2, 


STEP 2 Advance the project clock to 32 minutes. 


All activities have now been completed and both workers are 
free. STOP. 


The resulting schedule is the following. 


time 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 
worker 1 


worker 2 


completion 
time 


The schedule is the same as the one we obtained by trial and error, In 
other words, the algorithm produces an optimum schedule in this case. 


Problem 4.1 


Use the critical path scheduling algorithm to schedule the building 
construction project for two workers. Do you obtain an optimum schedule? 


The activity network, and the latest starting times and durations (in 
days) are as follows, 


vertex number i 1 2 3 2 SS 6 OF 18S Oe a0. 
activity Ai By iC) (BoB Ge eis a ok vf 
duration ey 2a IB IOF NS) 25) 5 ee cs) cae 
|; 0 ob 12) 7% ay 19) 25) 2a 27°29) 


In the previous problem, and in the example discussed earlier, the critical 
path scheduling algorithm produces optimum schedules. In the next 
problem we consider a case in which the algorithm does not produce an 
optimum schedule. 


Problem 4.2 


(a) For the project represented by the following activity network, find 
the critical path(s) and the latest starting times by inspection. The 
durations of the activities are in minutes. 


In this example, the vertices are 


FINISH we have omitted the numbers. 


(b) Use the critical path scheduling algorithm to schedule this project 
for four workers. Do you obtain an optimum schedule? 


4.2 Algorithms with protection schemes 
In Problem 4.2 we obtained the following schedule. 


time 0 2 4 6 8 10 12 14 16 18 20 22 24 


worker 1 
worker 2 
worker 3 
worker 4 
completion: 
me 


This schedule is far from an optimum one, as can be seen by comparing it 
with an optimum schedule such as the following, 


time 0 2 7 17 
worker 1 
worker 2 
worker 3 


worker 4 


completion 
time 


In a situation like this, it is obviously desirable to produce a schedule 
which has a shorter completion time than the one obtained by applying 
the algorithm. To do this in industry, some form of protection scheme is 
usually incorporated into an algorithm. There is no general protection 
scheme, so a network analyst working in a particular situation must 


numbered in alphabetical order, so 


develop a protection scheme which is appropriate for the type of 
scheduling problem involved. For example, for the project discussed in the 
above problem, a protection scheme may be incorporated in the algorithm 
as follows. 


Outline of algorithm incorporating a protection scheme for the above example 


STEP 1 Compute for each activity the sum of the earliest starting time 
and the latest starting time, and rank the activities in ascending 
order according to the values of these sums, 

STEP 2 Assign activities successively to free workers according to this 
ranking, taking into account the precedence relations. If a 
preceding activity has not already been assigned, break the 
ranking order when assigning the activities. 


We find the value of the sum of the earliest and latest starting times for 
each activity, and rank the activities according to the values of these 
sums as shown in the following table. 


sme+} 0 4 4 4 4 7 7 «+7 I 15 15 15 
ativityi A H IT j K E F G L BC OD 
duration 2 5 5 5 5 10 10 10 10 2 2 2 


We now go to Step 2, and assign each activity in turn to a free worker. If an 
activity cannot be assigned immediately because of the precedence 
relations, we wait until the appropriate previously assigned activities 
have been completed. 


This procedure produces the following schedule. 


worker 1 
worker 2 
worker 3 


worker 4 


completion 
time 
This is close to an optimum schedule. This schedule does not satisfy 
factory rule 1, but it comes close to satisfying factory rule 3, 


Once we have produced a schedule using such a protection scheme, we may 
be able to improve it by moving activities to fill idle time intervals. For 
example, in the above schedule, it is a simple matter to fill the initial 
idle time intervals of workers 2, 3 and 4 with activities B, C and D. In this 
way we arrive at the optimum schedule we gave earlier, 


Problem 4.3 % 


A project consists of ten activities A-/. The activity network and critical 
path are given below. 


This difficulty does not arise in our 
example. 


These were constructed in 


Problem 3.7. 


The duration of each activity, and the earliest and latest starting times 
(in days) are as follows. 


activity i BC Gee Es Re Ge a J 
duration 10 4 BG Sino LON oe 10 
e 0°10 2 a2 sD 8) 28 Somes 
jj Oh i 2s 95) aes 23 16720) 


(a) Apply the critical path scheduling algorithm to this project, given 
that two workers are available. 


(b) Apply the modified scheduling algorithm incorporating a protection 
scheme to this project, given that two workers are available. 


After studying this section, you should be able to: 
* explain the terms factory rules and protection scheme; 


* use the critical path scheduling algorithm to schedule activities 
for a number of workers, and the modified scheduling algorithm 
incorporating a protection scheme. 


5 Bin packing 


In the previous section we discussed scheduling problems in which we 
wish to schedule the activities of a project for a given number of workers so 
that the project is completed in the shortest possible time. We now turn 
the problem around, and ask for the minimum number of workers required 
to complete the project within a given period (which must, of course, be 
greater than or equal to the length of a critical path in the activity 
network for the project). 


Suppose, for example, that a project consists of eleven activities A-K with 
the following durations (in days). There are no precedence relations. 


activity A 78; “GD CE RG ees ar Hs 
duration BU: 2) Se 16) 18 Ses aoe: 


What is the minimum number of workers required to finish the project in 
15 days? 


This problem is called a bin-packing problem, since it amounts to trying 
to pack the activities into the minimum number of ‘bins’ bj, be, ..., each of 
the specified capacity (in this case, 15 days). 


There is no known algorithm which will always give an optimum solution 
to the bin-packing problem. However, there are a number of simple 
heuristic algorithms which usually give near optimum solutions. 


One method is next-fit packing, in which the items (in this case, activities) 
are packed in the order in which they occur. The items are packed 
according to the following rule, 


Next-fit packing algorithm 


Always place the next item to be packed in the current bin if possible; 
| otherwise, place it in the next bin. 


The order of occurrence is often given 
in a table, as above. 
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If we pack the activities using the next-fit algorithm, we obtain the 


following packing. 


15 


10 
activits 
duration 
(days) 


This packing scheme uses 7 bins so, in terms of our original problem, this 
scheme uses 7 workers to complete the project in 15 days. 


Clearly, this algorithm is not very good because once a bin cannot 
accommodate a particular item that bin is never used again, even though a 
smaller item which could fit into it may appear later in the list. 
However, for any problem, this simple algorithm uses no more than twice 


the number of bins actually required. 


To see this, suppose that n is the minimum number of bins needed according 
to the next-fit algorithm, and that each bin has capacity k. Let c(b;) 
denote the content of bin b; packed according to the next-fit algorithm. The 
content of two successive bins bj and bj,; must be greater than k, otherwise 


bin bj; would not have been used. So we have 
(bi) + clbin1)>k, — fori=1,...,n-1. 


Thus, if n is even, 


5 


Le(b,) + o(ba)] + +=» + [e(bn-a) + e(bn)] > tax k. 


Since each bin has capacity k, an optimum packing needs at least +n+1 


bins. 
And, if n is odd, 


[e(by) + c(b, )]+++++ [e(by 2) + e(by 4 + (by) > s(n -1)xk+c(b,) 


Since each bin has capacity k, an optimum packing needs at least 


L(n— Deh bins = Ln-++ bins. 


Thus the next-fit packing with n bins uses at most twice the optimum 


number of bins. 


A better method is first-fit packing, in which the items are packed 


according to the following rule. 


>i(n-1)xk 


b, 


First-fit packing algorithm 


Always place the next item to be packed in the lowest numbered bin 


which can accommodate that item. 


If we pack the activities given above according to the first-fit packing 
algorithm, we obtain the packing shown at the top of page 45. 


This packing uses only 6 bins, so it gives a better solution to our particular 


problem. 


Ah 


The upper bounds quoted in this 
section are theoretical bounds; in 
practice, the algorithms give much 
better results in many cases, 


It can be shown that the number of 
bins used in first-fit packing is at most 
17/10 times the optimum number of 
bins. 


15 
1 

10 
ee 
anete 
(days) 

5 
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Notice that, in each of the above packings, the sum of the unfilled 
capacities of all the bins except the last is greater than the duration of 
activity K packed in the last bin. We might suspect that there is a better 
packing scheme which uses only 5 bins, but we have no means of finding out 
whether such a scheme exists, apart from trying other packing methods. 


How can we improve on the first-fit method? Intuitively, it seems better 
to pack the activities with the longest durations first, so that we can use 
activities with smaller durations to fill the spaces in the bins already 
partially occupied. This idea is the basis of the first- 
fit decreasing algorithm, in which we fill the bins according to the 
following method. 


First-fit decreasing packing algorithm 


Order the items in decreasing order of size, and apply the first-fit 
packing procedure to this reordered list. 


Let us apply this algorithm to our example. 


First, we reorder the activities in decreasing order of duration (in days) as 
follows. 


activity DE TS A Bee) nel eG 
duration 9 By 9! NB) Bee G Ge 30a as 2 


When we apply the first-fit algorithm, we obtain the following scheme, 


15 
% [¢| 
a | 
activil 
duration 
(days) 
54 ip 1 
: bby 


by 


This packing scheme uses only 5 bins, so this problem requires the use of 
only 5 workers to complete the project within the given time period. 


In this case, the first-fit decreasing algorithm has produced an optimum 
packing (that is, one using the fewest possible bins), but it does not produce 
an optimum packing in general. However, the first-fit decreasing 
algorithm is better than the first-fit algorithm, in the sense that it 
usually produces a packing with fewer bins. 


The bin-packing problem occurs in many different practical situations, 
such as the following. 


Tt can be shown that the number of 
bins used in first-fit decreasing 
packing is at most 11/9 times the 
optimum number of bins. 


Example 5.1 


A factory worker needs to pack items of various sizes into boxes as they 
come off a production line in no particular order. a 


Example 5.2 


A plumber wishes to minimize the number of pipes of a standard length 
needed in order to cut a given number of lengths of pipe. In this case, the 
‘bins’ are the standard length pipes, and the problem is to ‘pack’ the 
required lengths of pipe into the smallest number of the standard length 
pipes. a 


Example 5.3 


A commercial television company which broadcasts with standard length 
breaks between programmes wishes to allocate advertisements. In this 
case, the ‘bins’ are the breaks between programmes, and the problem is to 
‘pack’ advertisements into the smallest possible number of such breaks. Il 


In Example 5.1, the items are available only one at a time, so no 
reordering of items is possible. In this situation, an algorithm such as the 
next-fit algorithm or the first-fit algorithm must be used. These 
algorithms are called on-line algorithms. 


In Examples 5.2 and 5.3, it is possible to reorder the items to be packed, so 
the first-fit decreasing algorithm can be used. Such an algorithm 
involving reordering is called an off-line algorithm, 


Problem 5.1 


A carpenter has some planks of wood, each 12 feet long, and wishes to cut 
sections from these planks of the following lengths (in feet). 


section A B C D E F G HI Jj] K 
length, 6° 2 3) 8 3) 3) 67 ae eee as 


It is required to find a way of cutting these sections so that the minimum 
number of planks is used. 


(a) Find a solution using the next-fit algorithm. 

(b) Find a solution using the first-fit algorithm. 

(c) Find a solution using the first-fit decreasing algorithm. 

(d) By trial and error, find an optimum solution which uses fewer planks 
than the solutions obtained in parts (a), (b) and (c). 


Problem 5.2 


A project consists of eleven activities A-L with the following durations (in 
days). 


activity A B CG D £& F G FH 7 if K 
duration, 6 296) 92076 26 206 2 6 


It is required to find the minimum number of workers needed to complete 
the project in twelve days. 


(a) Find a solution using the next-fit algorithm. 
(b) Find a solution using the first-fit algorithm. 


(c) Find a solution using the first-fit decreasing algorithm. 
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After studying this section, you should be able to: 


* explain what is meant by the terms eee problem, on- 
line algorithm and off-line algorithm; 


state and use the next-fit, first-fit, and the first-fit decreasing 
packing algorithms. 


Further reading 


Many of the topics discussed in Sections 1-4 are covered in: 


V. Chachra, P. Ghare and J. Moore, Applications of Graph Theory 
Algorithms, Elsevier, 1979. 


The above book also discusses many interesting applications of network 
theory. 


A discussion of shortest path algorithms is given in: 


N. Christofides, Graph Theory: An Algorithmic Approach, Academic Press, 
1975, 


T. C. Hu, Combinatorial Algorithms, Addison Wesley, 1982. 
The latter also includes a discussion of bin-packing algorithms. 


There are many excellent books on activity networks for project planning 
— in particular: 

H. R. Hoare, Project Management using Network Analysis, McGraw-Hill, 
1973; 

K, G. Lockyer, An Introduction to Critical Path Analysis, Pitman Publishing 
Ltd, 1977; 

A. Battersby, Network Analysis for Planning and Scheduling, 3rd edition, 
Macmillan, 1970. 
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Exercises 


Section 1 


1.1 Use the algorithm to find an Eulerian trail in the digraph D as in 
Worked problem 1.1, but when considering row 3 of the adjacency matrix, _In the worked problem a3, was 
choose the non-zero entry 435, chosen, 


1,2 The stored cycles in the solution to Problem 1.7 are: 
C, =abda, C,=achea, C3 =cdec, 
Find an Eulerian trail by using b as the vertex common to C; and C2, and 


then e as the vertex common to the new C, and C3. 


1,3 Find all the Hamiltonian cycles in the digraph with the following 
adjacency matrix A. 


abed 
40 100 
b0 O11 
e/1 000 
441010 


1.4 Find all the Hamiltonian cycles in the digraph with the following 
adjacency matrix A, 


Rows 
Horos 
ccocs 


d 
0 
1 
0 
0 


HOnen 


Section 2 


In each of the following exercises, you should use the appropriate 
algorithm. Solutions are given using the tabular method. 


Shortest path algorithm 


2.1 Find the shortest path from S to T and the shortest distance from S$ to 
each of the other vertices in the following weighted digraph. 


2.2 Find the shortest path(s) from S to T in the following weighted 
digraph. 


2.3 Find the shortest path(s) from $ to T in the following weighted 
digraph. 


Longest path algorithm 


2.4 Find the longest path from S$ to T and the longest distance from S to 
each of the other vertices in the weighted digraph of Exercise 2.1. 


2.5 Find the longest path(s) from S$ to T in the weighted digraph of 
Exercise 2,2. 


2.6 Find the longest path(s) from $ to T in the following weighted 
digraph, 


Section 3 


Activity networks 


All the exercises for this section refer to activity networks in which the 
vertices represent activities. Assume that there is no restriction on the 
number of workers available on a project. 


3.1 Explain why the following network cannot be an activity network. 


FINISH 


3.2 In the following activity network, two of the arcs are unnecessary. 
Which are they, and why can they be omitted? 
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3.3 Suppose that you wish to redecorate a room and put in new self- 
assembly furniture. The activities to be carried out are as follows. 


activity duration 
(in hours) 

Clay carpet 6 

W lay wallpaper 10 

P paint woodwork 

F assemble furniture 3 

H_ hang curtains 2 


(a) Construct a table of precedence relations for these activities. 


(b) Draw an activity network and find the minimum completion time by 
inspection. 


3.4 In the following activity network, the durations are in days. 


8 
D 
4 


Find by inspection: 

(a) the minimum completion time of the project; 
(b) the earliest starting time of activity H; 

(c) the latest starting time of activity H; 

(d) the float for activity H. 


Use of the algorithms 


3.5 Suppose that the process of cooking breakfast is split up into the 
following activities with the given precedence relations, 


activity duration preceding 
(in minutes) activities 

A grind coffee beans 1 

B slice bread 2 

Cheat frying pan 3 

D lay table 5 

E make toast 3 Be 

F make coffee 2 A 

G cook bacon 5 ce 

H_ cook tomato 2 Fy 

I cookeggs 3 E,G 


Using the algorithms: 

(a) construct an activity network for this process; 

(b) find a critical path and the minimum completion time; 

(c) find the latest starting time and the float for each activity. 
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3.6 A project consists of eleven activities A-K. The duration of each 
activity and the activities that must precede each of them are as follows. 


activity duration preceding 
(in days) activities 

A 4 

B 5 A,E 

c 5 

D 2 CF 

BE 3 A, D 

F 7 

G 2 E 

H 6 D 

I 2 B,G 

J 3 iE 

K 3 H 


Using the algorithms: 

(a) construct an activity network for this project; 

(b) find a critical path and the minimum completion time; 

(c) find the latest starting time and the float for each activity. 


3.7 Suppose that in the activity network of Problem 3.5 we add an extra 
activity 4a of duration 5 days which must be completed after activity 3 
and before activity 6, so that the activity network becomes as shown 
below. 


o 


CFINISH 


Find the critical path(s). 


Section 4 
Critical path scheduling algorithm 


4.1 Apply the critical path scheduling algorithm to schedule the 11 jobs 
in the following activity network for two workers, There is only one 
critical path, which is indicated on the diagram. The latest starting 
times and durations (in days) for the activities are shown in che table 
below. 


0 
B 
START ol 
0 
activity i A i af K 
duration 4 2s. 1! 
tf Sr 0 18, Ax 17 
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4.2 For the project described in Exercise 4.1, how much time would be 
saved if three workers were available? Discuss the advantages and 
disadvantages of having three workers rather than two. 


4.3 Apply the critical path scheduling algorithm to the activity 
network of Exercise 3.4 for two workers. There is only one critical path, 
which is indicated on the diagram. The latest starting times and 
durations (in days) for the activities are shown in the table below. 


FINISH 


activity i A 18) C De Seles Gua 
duration 8 3 4 2 3 9 3 4 
I 2 3 ff 7 6 “4 30° ao 


Is your schedule an optimum schedule? If so, explain why; if not, find a 
better one. 


4.4 In the following activity network, the durations are in days. 


(a) What is the minimum completion time if an unlimited number of 
workers is available? 


(b) What is the minimum completion time if only one worker is 
available? 


(c) Use the critical path scheduling algorithm to schedule the project 
for two workers. The latest starting times and durations (in days) for 
the activities are shown in the table below. 


activity i Ay Bo (CD h ence rt 
duration Sh a SRS eel Ce hk 
ij 0 1 4 “A 3] Ty bap 


Is your schedule an optimum schedule? 


4.5 Apply the critical path scheduling algorithm to the activity 
network for the process of cooking breakfast, obtained in Exercise 3.5, for 
each of the following cases. The activity network, and the latest starting 


times and durations (in days) for the activities are shown in the table on 
the facing page. 
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activity i A BC DE F&F G HY 
duration 1 2) 8 65 
I a 8 08 8 5 9 3 A 8 


a 
nm 
o 


(a) Three cooks are available. 
(b) Two cooks are available, 


In each case, determine whether your solution is an optimum schedule and, 
if not, find an optimum schedule. 


Use of protection scheme 


4.6 In Exercise 4.5(b) would it be advantageous to incorporate the 
protection scheme? 


4.7 In the following activity network, the durations are in days. There is 
only one critical path, which is indicated on the diagram. The latest 
starting times and durations for the activities are shown in the table 
below. 


0 12 

0 

0 «_{ FINISH) — = Crtiand Ath 
9 
‘ e 
activity i Pe TI Teg ETE Te TTS Ss ae | J K 
duration 2 2 1G GAN Sd AS IB) 2. 20) 12) 
‘er 22 40 8 14 


I; 1 10 6¢ & 3 


(a) Schedule the activities for two workers, using the critical path 
scheduling algorithm. 


(b) Find the earliest starting time for each activity, and hence schedule 
the activities for two workers, using the critical path scheduling 
algorithm with the protection scheme. 


Section 5 


5.1 Ten examinations (which must not overlap) are to be scheduled in 
the shortest possible number of days. The maximum allowable number of 
hours for examinations per day is 6, and the various examinations have 
the following durations (in hours). 


examination A B © iD £E F Go IT J 
duration fos sas 2 ae 2s 3 8 4 


(a) Find a solution using the next-fit algorithm. 
(b) Find a solution using the first-fit algorithm. 
(c) Find a solution using the first-fit decreasing algorithm. 
(d) Find an optimum solution by trial and error, 


5.2 A project consists of ten activities A-] with the following durations 
(in hours). 


activity A OB OC GD) TR PRY Gs I J 
duration 2 10) 78S, oo es) Oe > 61 


It is required to find the minimum number of workers needed to complete 
the project in 16 hours. 


(a) Find a solution using the next-fit algorithm, 
(b) Find a solution using the first-fit algorithm. 


(c) Find a solution using the first-fit decreasing algorithm. 
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Solutions to the exercises 


1.1 Using the algorithm, we take the following steps. (Here we use an 
abbreviated format and omit rows of zeros from the matrices.) 


START 
STEP 1 


STEP 2 


STEP 2 


STEP 2 


STEP 2 


STEP 2 


STEP 2 


STEP 3 


Set cycle counter p = 0. 
Set p=1. 


Row 1 has a non-zero entry, so k = 1. 


Set n =1, 


4, >0,som=2, 
Reduce a3 by 1 (to 0). 
Set n=2;k=1,s0n #k. 


A; > 0, so m =3, 
Reduce a9; by 1 (to 0). 
Setn=3;k=1,son#k. 


35 > 0, som =5, 
Reduce 35 by 1 (to 0). 
Set n=5;k=1,son#k, 


sq >0, 0m = 4, 
Reduce as, by 1 (to 0). 
Setn=4;k=1,son#k. 


443 > 0, som =3, 
Reduce a4; by 1 (to 0). 
Set n=3;k=1,son#k. 
a3, >0, so m=1, 
Reduce a3, by 1 (to 0). 
Setn=1;k=1,son=k, 


The matrix A has now been reduced to the zero matrix, so 


STORE C, = abcedca. 


There is only one stored item, so this is the Eulerian trail: 


abcedca. 


C; = abe... 


Cy =abee... 


C, = abced.., 


C, = abcedc,., 


C, =abcedca 


This is the trail we obtained in Worked problem 1.1. 


1.2 In C, we replace b by C2 (writing C, as beach) to give C, = abeacbda. We 


delete C, from the store. The stored items are now 


C, =abeachda and C;=cdec. 
In C, we replace e by C3 (writing C; as ecde) to give C; = abecdeacbda. This is 


the required Eulerian trail. 


aaa ees 


cane 


oon's 


cooc S20 sooee ScoOOOHs 


ooec 


Oreos Crores or oron 


Coron 


rooocorn 


moon Hook wpOOOR 


oon 
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1.3 The digraph has four vertices, so a Hamiltonian cycle has length 4, 
and n = 4, 
STEP 1 The matrix C is as follows. 


0 a 0 0 


C= 


0 0 be 
ca 0 0 


bd 
0 
0 


[de 0 dc 


Deleting the first vertex of each non-zero entry of C, we obtain 
D= 


Set k = 1 and write C!= 
STEP2 We form C?=C # D. 


2 = 
C*=C#D= 000 


0 


aono 
cocoa 


bde 0 


0) 


STEP3 Sincek + 1 = 2 andn=4,k+1#n,sosetk = 2. 
STEP 2 We form C® = C? # D. 


0 


0 


abe abd 


bea 0 bide 0 obo00 
C=C? #D=|bda 5 (eee 
0 cab 0 cg es aa 
dea dab 0 of} L@ 96 0 
d a 0 abde 0 
beab 
=| bdea bdab 0 0 
0 0  cabe cabd 
0  deab dabe dabd | 
STEP3 Sincek + 1 = 3 and n=4,k+1#n,sosetk = 3. 
STEP 2 We form C*=C? # D. 
a 0 abde 0 
Ae F 0b00 
4Cdypa|bdea bomb 0 0 |ylo oc a 
C=C’ #D= bdab # 2000 
0 0 cabe cabd| |g 0 c O 
| 0 deab dabe dabd | 
fabdca 0 0 0 
_| 0 bdcab 0 0 
a |] 0 cabdc 0 
0 0 0 = dcabd 


STEP3 Since k + 1 = 4 = n, STOP. 


The entries in C* are all the same, so there is only one Hamiltonian cycle, 
abdca. 
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1.4 The digraph has four vertices, so a Hamiltonian cycle has length 4, 


andn = 4. 


STEP 1 The matrix C is as follows. 


C= 


Deleting the first ve 


D= 


Setk = 1 and write 


C=C#D= 


[oO 0 a 0 

ba 0 be bd 

0 0 0 6 
[da 0 de 0 

ttex of each non-zero entry of C, we obtain 
fo 0c 0 

aOc ad 

0000 

adc 0 

C=C 

[o @ ws 0] fo 0 co oO 
ba 0 be bd af Oc d 
a 0 1) 10 0000 
[da 0 de O}] [a2 Oc O 
fo 0 0 Oj 

bda 0 pac 0 

000 0 

0 0 dac 0 


STEP3 Sincek + 1 = 2 andn=4,k+1+#n,sosetk = 2. 


STEP2 We form C* = C? # D. 


C=c’#D= 


STEP3 Sincek + 1 = 3 an 
STEP 2 We form C*=C? # 


ci=C #D= 


STEP3 Sincek +1=4= 


a Cae te 0 0 c 0 
bda 0 hdc Olyla Oc da 
UO). a a 
[ROS Ce itac EO nasa a8 
fo 0 bdac 0 
00 0 0 
Ooo 0 0 
[00 0 0 
dn = 4,k+1#n,sosetk = 3. 
D. 
[0 0 bdac 0) fo Oc O 
010 0 Olga Oc d 
OO) 10: Oi/51/0) 50) 0") 
loo o of laoco 
0000 
1B) 40.0) 70: 
B00: 10) 
[0000 
n, STOP. 


Thus there are no Hamiltonian cycles. Indeed, in this particular case, we 
can deduce this immediately from the adjacency matrix A, since the third 
row tells us that there is no arc out of c. 
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a ee ee 
2.1 We start by giving S zero potential. = 


vertices assigned labels 
ees origin 
iteration vertex A BC D EB ey 
sf Ss i 3, 6 
A oy B 5 
3 B as 6 
D 4 10 
E el 
(fe 
F 8] 


Tracing back from T, we find the shortest path SBFT with length 8. 


* @ 
The required shortest distances are the potentials, as follows. 
vertex 7): ees Se 
distance from S$ 1 BS 6 5 


2.2 We start by giving S zero potential. 


vertices assigned labels 

iteration Vax A 8B G D 2 F T 
1 s 4 6. 7 
2 A @ » u 9. 
3 B ll » 13 
4 Cc 12 
5 E 1} 18 
6 D 18 

F 17 


Tracing back from T, we find the shortest path SAEFT with length 17, 
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2.3 We start by giving S zero potential. 


vertices assigned labels 


eee origin 
itvation yen A B C D E€ F G H T 
1 s 3, 2 
2 B a) u 
3 A Za 
4 c B) 

E 13 
5 F IL my. 18 
6 D {13} is) 
7 G 15)’ 18 
8 H 17 


Tracing back from T, we find two shortest paths SBDHT and SACFHT 
with length 17. 


2.4 We start by giving S zero potential. 


origin vertices 


iteration ited Boe A Bi Res ed) se, F vertex ous 
1(S) A in ‘A 1 
2(S,A) B 3 B , 
3(S, A, B.D) ed kD @ md 3 
Be t' ® uc O88 
ESRC ICD E s Gs E 13 
4$ (S, A, B,C, D, E) F 9 14 iv F (e 
56(5, A, B,C, D, E, F) 5 if 10 #18 (19 f 19 


Tracing back from T, we find the longest path SABEFT with length 19. 


c E 
fs] a7) 


The required longest distances are the potentials, shown in the margin. 
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Sa SS ee SEES ee 
2.5 We start by giving S zero potential. 


origin vertices 


ti 
iteration cine. 8 2 BG Be OF 
1(S) A 4 
B 6) 
c 
2(S, A,B,C) E 9 i 
3 (S, A, B, C, E) D ey ih 14 
F (a) 1 ire 
4(S, A,B, C, D,E, F) L 21] 20 14 
Tracing back from T, we find the longest path SCEDT with length 21. 
2.6 We start by giving S zero potential. 
origin vertices 
iteration salou tabels Se Ame bee Dh rk “Gum 
1(S) A a 
B 6) 
2(S, A, B) c 5 4 i 
D 
3(S,A,B, CD) E 4 Gl 
F 
4(S, A, B,C, D, E, F) G 4) 10 
H (15] 12 
5 (5, A, B, C, D, E, F, G, H) F 15 (18) 


Tracing back from T, we find two longest paths SBCEGT and SBDHT with 
length 18. 
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3.1 The given network cannot be an activity network, since it contains a 
cycle ACDBA and there are no weights on the arcs. 


3.2 The arcs CG and DH are redundant, since they tell us that C must be 
completed before G (which we know from the arcs CD and DG), and that 
D must be completed before H (which we know from the arcs DG ang ee 


3.3 


(a) This example demonstrates that producing a table of precedence 
relations is not always straightforward. It may be necessary to make 
decisions about what the activities involve. In this example, 
activity H must be carried out after activities W and P, and it is 
probably desirable for P to precede W, and for W and P to precede C. 
We assume that the furniture is to be assembled in the same room, so 
activity F should probably come after activities C, W and P. 
(However, if the furniture is to be assembled in another room, then 
this could be done at any time.) With the above assumptions, we 
obtain the following precedence relations. 

P must precede W 
W must precede H and C 
C must precede F 
(b) The activity network is shown below. The critical path is via 


vertices P, W, C and F, so the minimum completion time is 
7+10+6+3=26 hours. 


3.4 


(a) The critical path is via vertices C and F, so the minimum completion 
time is 4 +9 = 13 days. 


(b) The earliest starting time of activity H is the length of the longest 
path to H, that is, 4 + 3 =7 days. 


(c) The latest starting time of activity H is 
(minimum completion time) - (duration of H)=13-4=9 days. 
(d) The float for activity H is 9-7 = 2 days. 
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3.5 


(a) To start Part A of the algorithm for constructing an activity network, we 
draw a bipartite graph representing the precedence relations (shown on 
the left below). Applying Part A, we number the vertices as follows. 


first iteration 


@ae A 
@ be B 
@ce 


@De 


second iteration 


E BE ps @ize E 

F a @re F 

G G @ce G third iteration 
H 


oH H oH igen gee 
1 I le I 

Applying Part B of the algorithm, we obtain the following activity 

network. We have also marked the critical path obtained in part (b). 


(b) Applying Part A of the critical path construction algorithm, we obtain 
the vertex labels shown in the following table. We have traced the 
critical path found in Part B of the algorithm. 


activity 
i i ej Cj Cy Pj numbered j 
0 - - - - 0 0 START, 
1 0 0 0 0 0 0 A 
4 0 0 0 0 0 0 B 
30 0 0 0 0 0 c 
4 0 0 0 0 0 0 D 
5 2 0 2 2 
5 3 0 3 3 3 3 E 
6 u 0 1 1 1 1 F 
3 0 3 3 3 3 G 
8 an 5 3 3 6 ) : 
a7, 3 5 8 8 7 i 
c De 6 1 2 3 ) ) 
2G 8 3 i ll 8 H 
10 ae 4 0 5 5 ) 
10——9 1 7) 13 13 9 *— FINISH 
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fourth iteration 


—» Ode oH 


The critical path is via vertices C, G, I and H. The length of the 
critical path is 0+3+5+3+ 2 = 13, the value of ¢,); thus the 
minimum completion time is 13 minutes. 


* (c) Applying the algorithm for finding the latest starting times, we 
obtain the following table. 


i j I Gy ci LF 


10 = - - - 13 
9 10 13 2 i 1 
8 9 i 3 8 8 
i 8 8 i} 3 3 
6 7) ll 2 9 s) 
5 8 8 3 5 5 
4 be ©) 5 8 8 
3 5 5 3 2 

3 2 3 3 0 0 
2 5 5 2 3 3 
1 6 9 1 8 8 
0 1 8 0 8 

0 2 3 0 3 

0 3 0 0 0 0 
0 4 8 0 8 


The earliest and latest starting times and the floats are given in the 
following table. 


activity vertex earliest starting latest starting _float 
numbered i number i time e; time |; |j-e; 
START 0 0 0 0 
A 4 0 8 8 
B 2 0 3 3 
Cc 3 0 0 0 
D 4 0 8 8 
E 5 3 3 2 
Ne 6 uh 9 8 
G ue 3 3 0 
H ) 9 i i 0 ) 
if 2 8 8 8 0 i 
FINISH 10 13 13 0 ) 


3.6 


(a) To start Part A of the algorithm for constructing an activity network, 
we draw a bipartite graph representing the precedence relations 


(shown on the left below). 
Applying Part A of the algorithm, we number the vertices as 
follows. 
first iteration second iteration third iteration fourth and fifth iterations 
@ae A 
B B B B B B Be B 
@ce c 
D D @De D 
E e E E @®ee E 
oe I ™» ree me 
G G G G @Gce G 
H 


G G 

H H H @ue H 

ae 1 ol ve @ 1 or 
I 7] ®ie oy 

K OK K OK K OK 0) ke OK 


Applying Part B of the algorithm, we obtain the following activity 
network. We have also marked the critical path obtained in part (b) 
below. 


(b) Applying Part A of the critical path construction algorithm, we 
obtain the following table. We have traced the critical path found 
in Part B of the algorithm. 


activity 
i i ej Cj GRC pj numbered j 
0 = = = - 0 0 START 
1 0 0 0 0 0 0 A 
2 0 0 0 0 0 0 Cc 
Seema |] 0 0 0 0 0 ba 
4 Py 2 0 5 5 ) ) 
4—+3 0 “) 7 7 3 D 
5 3 0 7 7 7 3 tg \ 
6 1 0 4 a 
6—4 7 2 9 9 4 EC 
7 4 ee 2 9 9 4 H 
8 1 0 4 4 
8—6 9 3 12 12 6 B 
9 6 9 3 12 12 6 G 
10 i 9 6 15 15 7 K 
tiem] 12 5 17 7 8 I 
au aS 9 12 24 14 °) 
12 "12 17 2 19 19 11*—— FINISH 
12! 10 15 3 18 
12 5 ig 3 10 


The critical path is via vertices F, D, E, B and I. The length of the 
critical path is 0+7+2+3+5+2=19, the value of e,,; thus the 
minimum completion time is 19 days. 
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(c) 


Applying the algorithm for finding the latest starting times, we 
obtain the following table. 

i j ij Cij ij 
12 = = a weh 
ll 12 19 2 whee 17 
10 12 19 3 16 16 

9 il 17 2 15 15 

8 a0 17 3) 12 12 

7 10 16 6 10 10 

6 12 fy 9 9 

6 9 15 3 12 

5 12 19 3 16 16 

4 6 9 2 é 7 

4 7 10 2 8 

3 4 z He 0 0 

3 5 16 as -) 

2 4 5 2 2 

1 6 4 5 5 

1 8 12 4 8 é 

0 1 6s 0 6S 

0 2 0 2 

0 3 0 0 0 


The earliest and latest starting times and the floats are given in the 


following table. 


activity vertex earliest starting _ latest starting float 
numbered i number i time e; time |; lie 
START 0 0 0 0 
A 1 0 as 6s 
jl 2 0 2 2 
ie 3 0 0 0 
D ) 4 va 7 0 ) 
i ) 5 vd 16 i) ) 
E 6 9 9 0 
H ) Zi 9 10 1 ) 
B 8 12 12 0 
G 9 12 15 3: 
K 10 15 16 1 
if > ul 17 17 0 J 
FINISH 12 19 19 0 
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3.7 Applying the critical path construction algorithm, we obtain the 
following table. 


j a e Cj ey Pj 

o - = = - 0 0 

4 0 0 0 0 0 0 

2 0 0 0 0 0 0 

3 1 0 5 5 5 it 

3 2 0 4 4 

4 3 5 4 9 9 3 
4a 3 5 4 9. 

5 3 5 4 9 9 

6 4 9 3 12 

6 4a 9 5 14 4 4a 

7 6 14 2 16 16 6 ) 
7 5 9 7 16 16 5 ) 
8 6 16 2 18 18 7 ) 


The addition of the extra activity now gives two critical paths: via 
activities 1, 3, 5 and 7; and via activities 1, 3, 4a, 6 and 7. 


4.1 Applying the critical path scheduling algorithm, we obtain the 
following schedule requiring 22 days. 


time 0 2 4 6 8 10 12 14 16 18 20 22 


completion 
time 


4,2 With three workers it is possible to save just two hours. The critical 
path scheduling algorithm gives the following schedule requiring 
20 days. 


time 0 2 4 6 8 10 12 14 16 18 20 
worker 1 
worker 2 


worker 3 


letic 
completion 
If the total time for the project must be kept to an absolute minimum and 
money is available for a third worker, then it may be justifiable to 
employ three workers for the project. Note that if three workers are used, 
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then the precedence relations force at least one worker to be idle much of 

the time. To avoid this, worker 3 could be brought in just for the days 

needed, and employed on other projects on the other days. On the other 

hand, if money is short and taking two extra days is acceptable, then it 

may be better to use just two workers. 

4.3 We obtain the following schedule requiring 19 days for two workers. 
time 0 2 4 6 8 10 12 14 16 18 20 


worker 1 


worker 2 


completion 
time 


This is not an optimum solution. An optimum solution requiring 18 days is 
as follows. 


time 0 2 4 6 8 10 12 14 16 18 


won Tee T oT 
wow Te Too] | 


completion 
time 
4.4 


(a) The critical path is via vertices A, E and H. The minimum 
completion time is therefore 0 + 5 + 5 +7 = 17 days if an unlimited 
number of workers is available. 


(b) If only one worker is available, the minimum completion time is the 
sum of the durations of the activities: 5+4+5+4+5+1+6+7 
= 37 days, 


(c) We obtain the following schedule requiring 19 days for two workers. 
time 0 2 4 6 8 10 12 14 16 18 20 


completion 
time 


This is an optimum schedule as the only idle time is the one day that 
worker 1 finishes ahead of worker 2 and there is no way of avoiding 
this. 

4.5 


(a) Applying the critical path scheduling algorithm, we obtain the 
following schedule requiring 13 minutes. 


time 0 2 4 6 8 10 12 14 


let 
completion 
This is an optimum schedule, since the time taken (13 minutes) does 
not exceed the length of the critical path through vertices C, G, I 
and H. 


(b) Applying the critical path scheduling algorithm, we obtain the 
following schedule requiring 15 minutes. 


time 0 2 4 6 8 10 12 14 16 


completion 
time 


This is not an optimum schedule, An optimum schedule requiring 
13 minutes is as follows. 


time 0 2 4 6 8 10 12 14 


completion 
time 


4.6 We add the earliest and latest starting times for each activity, and 
rank the activities according to the values of these sums as follows. 


sum ¢; + |; 0 2 6 8 8 8 10 16 22 
activity i Cc B G A D E I T H 
duration 3 a 5 1 5 3 2 3 2 


If we now apply the critical path scheduling algorithm with the 
activities with sum 8 taken in the order A, E, D, we obtain the same 
schedule as in Exercise 4.5(b) requiring 15 minutes. 


Taking the activities with sum 8 in the order A, D, E, we obtain the 
following schedule requiring 16 minutes. 


time 0 2 4 6 8 10 12 14 16 


ou [ele Pel Tal 
on Ae t —_| 


completion 
time 


Taking the activities with sum 8 in the order D, A, E, we obtain the 
following schedule requiring 16 minutes. 


time 0 2 4 6 8 10 12 14 16 


completion 
time 


Taking the activities with sum 8 in the order D, £, A, we obtain the 
following schedule requiring 15 minutes. 


time 0 2 4 6 8 10 12 14 16 


completion 
time 


Thus there is no advantage in using the protection scheme for this 
example. 


The algorithm does not permit us to 
schedule activity E before activity A or 
activity D, 


69 


aa eee ee 
47 
(a) We obtain the following schedule requiring 33 days for two workers, 
time 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 
worker 1 


worker 2 
etic 
eae ion 
(b) The earliest and latest starting times, and the sum of these two times 


for each activity are given below. The activities are ranked 
according to the values of these sums. 


activity? (C A. 7B OF (Ot OB i} Seer: 
i oe 2 tL 3 6 5 1 8: ieee 
Gj 0 OF as 2 Or ee 6) 7 4: ne a 
Chai oO 1 1 5 6) 7 432) 34 Ie: 16) 38. 
duration 6 22 «2 5) 5 BCC, 6 


We obtain the following schedule requiring 30 days for two workers. 
time 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 
worker 1 


worker 2 


poopleien 


5.1 


(a) Using the next-fit algorithm, we obtain the following schedule 
requiring 5 days. 


Ms 
ral 
vl 
exam 
duration 3-4 
(hours) 
fA 
“ 
ee Oar Nase” Ae Bes 


days 
(b) Using the first-fit algorithm, we obtain the following schedule 
requiring 5 days. 


re 
54 
ral 
exam ¢ 
duration 3- 
(hours) 
24 
a2 
bla Tae hy Rooper eae 
days 
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(c) Using the first-fit decreasing algorithm, we again obtain a schedule 
requiring 5 days, In this schedule, only one hour of day 5 is used and 
half an hour is unused on each of days 2 and 4. 


Bs 
| 
all 
duration 
uration 3-| 
(aS 
ad 
i) 
ii Ciao ace gaa 


days 
(d) By trial and error, we obtain the following optimum schedule 
requiring only 4 days. 


64 Other optimum schedules can be 
obtained by interchanging activities 
54 of the same duration, for example, B, 
F and H. 
4 
o 
duration 3 
(hours) 
a 
14 
4 
Cahir ane ore; 
days 
5.2 


(a) Using the next-fit algorithm, we obtain the following schedule 
requiring 5 spa 


activity 
duration g 
(hours) 


(b) Using the first-fit algorithm, we Blain ne following schedule 
requiring 5 workers. 


16 
activi 
duration @ 
(hours) 
Ua a ear Tae oT al 


workers 


5 


- 
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(c) Using the first-fit decreasing algorithm, we obtain the following The total completion time is 65 hours, 
schedule requiring 5 workers. so the project cannot be completed in 


- 16 hours with fewer than 5 workers. 
12 
civil 
nee 8 
(hours) 
4 
g 1 2 3 4 5 
workers 


Solutions to the problems 


Solution 1.1 
(a) 
ab ed | a bed 
zo omenG a|2 10 0 
D5) Os 00), 0 b) Oo 2 1 10, 
| -F 1885 70 €)0 0 0 Ff 
eve eo 0 Via pny ey dimer! 
numbers of walks of length 2 _ numbers of walks of length 3 
(b) 
0-2 10 2 2.1010 
ef oor} wees 
eo) OG: 1 ORG e2: 


(c) The tables in part (a) correspond to the matrix products in part (b). 
For example, the number of walks of length 2 from d to a is the entry 
in row 4 (corresponding to d) and column 1 (corresponding to a) in the 
matrix A*; a similar result holds for the numbers of walks of length 3 
and the entries in A®. 


Solution 1.2 


Abs A‘= 


coco cocoe 
BPRNER HONGO 
coco occor 


oooro coord 
HFONNO FOSOHO 
NFONN Coo 
ecore coocHro 
NRONw CHOON 
BEROAN NEONE 
BPNNNA RPONRKO 


The numbers of walks from b to d of lengths 1, 2, 3 and 4 are given by the 
entries in row 2 column 4 of the matrices A, A?, A’ and A‘, respectively — 
namely, 0, 2, 1 and 6. 

There is no walk of length 1, 2, 3 or 4 from d to b, since each of the matrices 
A, A®, A’ and At has 0 in row 4 column 2. 


Solution 1.3 
GE EN Mey 
22595 
B=A+A°+A°+A*=|0 0 2 8 4 
00244 
00484 


The matrix B contains some non-diagonal entries which are zero, so the Note that this fact was already clear 

digraph is not strongly connected, by Theorem 1.2. from the last part of Solution 1.2, so in 
this case it was not necessary to 
calculate B explicitly. 


73 


Solution 1.4 
The adjacency matrix A is a 5 x 5 matrix, so the digraph has five vertices. The digraph with adjacency 


We therefore need to find A, A?, A°, Atand B=A+A?+A°+ A‘ matrix A is 

foooi1i0 00001 . 4 
10 086 00020 

A=|0 0010 A=/00001 
00001 01000 
01000 1 ot 6) 0 ¢ : 
0% 00 0 10) 3h 0) 0) which you met in Graphs 1, 
00002 02000 Problem 3.12(b). 

AP ath 1 010 0 A‘=|1 0100 
1 0 1 10) 0 00020 
[00020 00002 
ket aa 
T 2.7292 

Bait 1 bad 
ree Went 
di alata 


Each non-diagonal entry in B is positive, so the digraph with adjacency 
matrix A is strongly connected, by Theorem 1.2. 


Solution 1.5 
(a) The adjacency matrix A is given below. 


outdeg a= indega=1 EA 
outdeg b = indeg b=2 a d 
outdeg c= indeg c=2 oS 


outdeg d=indeg d=1 f e 
outdeg e =indeg e=2 

outdeg f= indeg f=2 

outdeg g = indeg g =2 


Se ee) 
ercococs 
e-sooces 
K-oocooros 
coconr-oon 
ocoe-Krooe 
-orcooos 
oo-oo-o* 


(b) For each vertex, 


the sum of the entries in the corresponding row of A 
= the out-degree of the vertex 


and 

the sum of the entries in the corresponding column of A 
= the in-degree of the vertex. 

Solution 1.6 
outdeg a = 1 = indeg a a 
outdeg b= 1=indeg b 
outdeg c=2=indeg c 
outdeg d= 1 = indeg d 

outdeg e = 1 =indeg e : 


It follows from Theorem 1.3 that the digraph is Eulerian. (We can see 
that the digraph is connected by inspection of A.) 


From the adjacency matrix, we obtain the digraph shown above. 


An Eulerian trail is abcedca, 
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Solution 1.7 


Cae SAT label at vertex current column vertex 


number start and k 
end of 


matrix k U% 


= 


label in 


of A 


m 


leryed tak 
Um ee 


START 


ee oocds 
ororot 


d 
0 
1 
1 
0 
0 


sanes 
cor-oes 
-cooR5 


STEP 1 Row 1hasanon-zero Mi a y=4 
entry. 


STEP 2 Choose ay > 0. 
Reduce ay) by 1 (to 0). 1 if 
n#k. 

STEP 2 Choose ayy > 0. 
Reduce ay, by 1 (to 0). 1 1 
n#k, 

STEP2 Choose ay > 0. 
Reduce a4; by 1 (to 0). 1 “4 
n=k, 
Not all elements of A 
are zero. 


STEP 1 


aanecer 
—=oooos 
co-ooe 
mocooce.s 
co-oon 
cororot 


Row 1 has a non-zero 2 1 =a 
entry. 


STEP2 3=1. 
Reduce 4,3 by 1 (to 0). 2 1 
n#k, 


STEP 2 Choose ay) = 1. 
Reduce ay) by 1 (to 0). 2 5 
n#k. 


STEP2 a5 =1. 
Reduce a5 by 1 (to 0). 2 1 
n#k. 


STEP 2 Choose as; = 1. 
Reduce as; by 1 (to 0). 2 1 
n=k. 
Not all elements of A 
are zero, 


v,=a C, =abda 


STORE C; 


Q=a.., 


V3=Cc Co=ac... 


v2=b C,=ach... 


vs=e C2=acbe... 


v,=a C)=achea 


STORE C) 


(continued overleaf) 
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comet label at vertex current column. 


vertex 
number start and k label in of A m 
end of 
: ee 
matrix p k OK n m Vm 
STEP 1 abcde 
«(00000 
640 0000 
«(00010 
400001 
210: 0 1 0 0 
Row 3 has a non-zero é} 3 U3=C 3 G=c... 
entry. 
STEP2 ay=1. 4 wad C=Ccd,., 
Reduce a34 by 1 (to 0). 3 3 4 
n#k, 
STEP2 ag5=1. 5 vs=e C,=cde... 
Reduce 45 by 1 (to 0). 3 3 5 
n#k, 
STEP2 as3=1. 3 v3=c C;=cdec 
Reduce as; by 1 (to 0). 3 3 3 
n=k, 
All elements of A have STORE C; 
now been reduced to 
zero. 
STEP 3 The stored cycles are C, = abda, C = acbea and C, = cdec. 
C, and C; have vertex ain common. 
In C, replace one a by C; to give C, = abdacbea. 
Delete C, from the store. 
The stored items are now C, = abdacbea and C, = cdec. (Note that s 
C, is no longer a cycle.) a t 
C, and C; have vertex c in common. 
In C, replace c by C; to give C; = abdacdecbea. 
C, is now an Eulerian trail abdacdecbea, d e 
Solution 1.8 
fo ab 0 ad) fo bo a] |o 0 4 aba 
ctec#p=|9 9 % bdiy0 0 © Allon 0 bac 0 
cao 0 0 aooo 
i 0 cab QO cad 
id 0 odo oi [oO 2 Ol! ae Go OO 
r abca 
0 0 M4 abd] fo bo a] |adea 9 abde 0 
C=c2#p=|bea 0 bde 0 |y{9 0 © 4) _|bdca beab 0 bead 
0 ch 0 coal |2 0 00 cabe 
| doe % 0 ir EET) : ; ai ant 
0 dceab O dead 
| abca 
aden 9 able 9 | 7) 4 Q d] fabdea 0 0 0 
123 _|bdca beab 0 bead|,)0 0 c d}_| 0 bdeab 0 0 
SS A I 0 0 cabe peas a0 0 oOo} |] 0 0 cabde 0 
cade o0c 0 0 0 0 deabd 
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Solution 1.9 


STEP 1 The matrix C is as follows. 


0 
_|ba 
“|ea cb 0 0 
0 0 de Oo 


ab 0 ad 
0 0 bd 


Deleting the first vertex of each non-zero entry of C, we obtain 


Set k = 1 and write C'=C, 


STEP 2 We formC?=C#D. 
O ab 0) ad] [ole 0 ay iam 0) ate 
cra|te 0 0 bd],Ja 0 0 al_| ° bab bde 
ca ch 0 0 ab 0 O| |cba cab 0 
0 0 de Of [0 0 ¢ O} Jan ac o 
STEP3 Sincek+1=2andn=4,k+1#n,sosetk=2. 
STEP 2 We form C’ = C? #D. 
aba 0 ade abd] ro yg gy) [ue me 
0 bab bde bad bdca bdeb 
C= cad |4|° 9 a\_ 
cba cab 0 Cpa|"|a b 0 0 o 0 
da deb 0 O Deore 10 dcba dcab 
STEP3 Sincek+1=3andn=4,k+1#n,sosetk=3. 
STEP 2 We form C=C? #D. 
ee 
adca adcb abde 0 aba 
bdea bdcb badc 0 | [0 3 g ¢ 0 
ct= cade chad |#|* Ls 
0 0 Gade cabdl la % 01.0 0 
ooco 
cba deab 0 ead : 
0 


STEP3 Sincek+1=4=n,STOP. 


The entries in C* are the required Hamiltonian cycles 


adcba and abdca. 


abd 
bad 
ca 
cbd 
0 


abde 
bade 


cade 
ebde 


0 


Solution 3.1 


Part A: procedure for numbering the vertices 


We draw a bipartite graph representing the precedence relations, as 
shown below. 


activity preceding activities 
if A, B, C, D, E 

c D,E 

E D 

F D 

H E,F,G 

" E,F,G 

G F 


The numbering of the vertices carried out in each successive iteration is 
shown in the following diagrams. 


first iteration second iteration third iteration 


fol te @©ce re 
@ee E 
Ore 
G »> @c6e G 
H oH H oH 
1 ol 1 ol 
i oy J oJ 


We now construct the activity network following the procedure of Part B 
of the algorithm. The resulting activity network is the following. 


activity network for bicycle assembly 


The details of the construction of this network are given on the facing 
page. 
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fourth iteration 


@ue OH 
a Or oO! 
@ je oy 


Part B: procedure for drawing the activity network 


STEP 3 We draw the START vertex, and the vertices numbered in the 
first iteration: A, B and D. We then draw arcs from the START 
vertex to A, B and D, assigning a zero weight to each. 

STEP 4 In the second iteration we numbered vertices E and F, so we add 
vertices E and F to the activity network. 

Activity D must precede E and F, so we draw arcs; 
from D to E, with weight 2 (the duration of D); 
from D to F, with weight 2 (the duration of D). 

STEP 4 In the third iteration we numbered vertices C and G , so we add 
vertices C and G to the activity network, 

Activities D and E must precede C, and activity F must precede 
G, so we draw arcs: 


from D to C, with weight 2 (the duration of D); 
from E to C, with weight 3 (the duration of E); 
from F to G, with weight 2 (the duration of F). 
STEP 4 In the fourth iteration we numbered vertices H, I and J, so we add 
vertices H, I and | to the activity network. 
Activities E, F and G must precede H and I, so we draw arcs; 
from E to H and from E to I, with weight 3 (the duration of E); 
from F to H and from F to I, with weight 2 (the duration of F); 
from G to H and from G to I, with weight 2 (the duration of G), 
Activities A, B, C, D and E must precede J, so we draw arcs: 


from A to J, with weight 7 (the duration of A); 
from B to J, with weight 7 (the duration of B); 
from C to J, with weight 7 (the duration of C); 
from D to J, with weight 2 (the duration of D); 
from E to J, with weight 3 (the duration of E). 


All the activities have now been represented by vertices in the 
activity network. 


STEP 5 We draw a FINISH vertex. From the terminal vertices H, | and J, 
we draw arcs: 


from H to FINISH, with weight 8 (the duration of H); 
from | to FINISH, with weight 8 (the duration of 1); 
from | to FINISH, with weight 18 (the duration of /). 


The activity network is now complete. 
ye 3,2 


Wes eas ee ene redundoit arcy: FEDS, ES,FH ol De 


The redundant precedence relations are given in the following table. 


activity preceding activities 
rT F 

Ih D,E 
H F 
Cc 


D 


Solution 3.3 


Let us imagine that we steadily increase the delay in completing an 
activity which is not on the critical path. To begin with, this delay will 
not affect the time needed to complete the project. However, as the delay 
increases, there will come a point when the delay becomes so large that 
the activity becomes part of a new critical path, so delays larger than 
this will delay the project. 


Solution 3.4 

Applying Part A of the critical path construction algorithm, we obtain 
the vertex labels shown in the following table. 

The critical path is found using Part B, and is indicated on the table and 
in the activity network below. 


activity 
i i ej Cj eC Pj numbered j 
(es = 2 : 0 0. START. 
TAO 0 0 0 0 0 
2 Xo 0 0 0 0 0 B 
30 0 0 0 0 0< D 
1— Ss 0 2 2 2 ae E ) 
5\ 3 0 2 2 2 3 F 
6 \3 0 2 2 
6—-4 2 3 5 5 4 c 
7\ 5 2 2 4 4 5 G 
a) 4 2 3 5 
8\ 5 2 2 4 
B\ 7 4 Z 6 6 7 H 
9 \ 4 2 3 5 
9 \ 5 2 2 4 
 \z 4 2 6 66 7 I 
10 | 1 0 7 7 
10 \2 0 7 7 
10 \3 0 2 2 
10 = |4 a 3 5 
10-—6 5 Te Relea io 6 J 
n\ 8 6 8 \ 
n \9 6 Sees 
1—10 12 18 30 30 10*—FINISH 
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The critical path is via vertices D, E, C and J, as shown below. 


I 
fi0) 
18 


fy 
se 


YY 2 
@) a 


activity network for bicycle assembly 


The length of the critical path is 0 + 2 +3 + 7 + 18 = 30, the value of ¢);; 
thus the minimum completion time is 30 minutes. 


Solution 3.5 


(a) The minimum completion time is equal to the length of the critical 
path, which is 


0+5+4+7+2=18 days, 
(b) The earliest starting time of activity 4 is equal to the length of the 


longest path from the START vertex to vertex 4. This longest path 
passes through vertices 1 and 3, and its length is0+5+4=9 days, so 


ey =9, 
Activity 6 cannot start until activity 4 has been completed, and the 


duration of activity 4 is 3 days; thus the earliest starting time for 
activity 6 is 9 + 3 = 12 days, so 
e = 12. 
(c) We can find the latest starting time for activity 6 by working 
backwards from the FINISH vertex. The minimum completion time is 


18 days, so activity 7 must begin after 18 - 2 = 16 days, and hence 
activity 6 must begin at the latest after 16-2 = 14 days, so 


I= 14. 


Activity 4 must begin not later than 3 days before the latest starting 
time of activity 6; thus the latest starting time for activity 6 is 14-3 
=11 days, so 


=I. 
(d) The float of activity 4 is I, - ey = 11-9 =2 days. 
The float of activity 6 is |, -e, = 14-12=2 days. 
(e) If activity 4 is delayed by 2 days, then the path through vertices 3, 


« Surthe- < 4, 6 and 7 becomes part of a new critical path. So if activity 6 is «so 
delayed by" 


‘2 days, this causes a delay of 2 days in the completion of 
the whole project. In other words, the two activities cannot both be 
delayed by their float times without delaying the whole project. 
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Solution 3.6 


(a) Applying the algorithm for finding the latest starting times, we 
obtain the following table. 


i i | fk 
i = = z 2 30 
10 i “3p 46 7 2 

9 n 30 8 Poa 2 

8 30 S22 2 

7 s 2 2 20 20 

7 Ces: 2 20 

6 1 8612 v 5 5 

5 7 20 2 46 18 

5 gi) ae 2 2 

5 S39 2 20 

4 6 5 3 2 2 

4 3 eich oes 

4 i zs 3. «19 

4 10 862 3 9 

3 4 2 2 0 0 

3 5 (18 2) 6 

3 6 5 2 3 

3 10 612 V0 

2 10 «12 7 5 

1 10 12 a 5 

0 1 5 0 5 

0 2 0 5 

0 3 0 0 0 


(b) The earliest and latest starting times and the floats are given in the 
following table, 


activity vertex earliest starting latest starting _ float 
numbered i number i time e; time |; li-e; 
START 0 0 0 0 
A Hl 0 5 5 
B 2 0 5 5 
D 3 0 0 0 
E ) 4 4 2 0 ) 
PF ) 5 2 18 16 ) 
c 6 5 5 0 
G 7 4 20 16 
H 8 6 22 16 
I a 6 22 16 
iy, 5 10 12 12 0 ) 
FINISH i 30 30 0 
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Sj 


Solution 3.7 


(a) The activity network is shown below. 


10 


(b) Applying Part A of the critical path construction algorithm, we 
obtain the following table. We have traced the critical path found 


in Part B of the algorithm. 


activity 
j i ej Cj eit cy Pj numbered j 
0 = - - - 0 0 START. 
1 \o 0 0 0 0 0 ) A y 
2—*0; 0 0 0 0 0 B 
3 0 0 0 0 0 0 F 
4 0 0 0 0 0 0 I 
oe 0 4 4 4 2 c 
6 x 4 0 4 4 4 4 ' E ) 
| fet 4 8 12 12 5 D 
8 iG 1 0 10 10 ) ) 
Sct 12 6 18 18 z G 
9 3 0 5 
9 4 4 
9 7 12 18 18 V4 J 
10—=5' 18 10 28 28 8 H 
i 6 4 8 12 
nl 9 18 10 28 
1 ——10) 28 2 30 30 10-—— FINISH 


The critical path is via vertices B, C, D, G and H. The length of the 
critical path is 0+ 4 +8 +6 +10 +2 = 30, the value of e;,; thus the 
minimum completion time is 30 days. 
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(c) Applying the algorithm for finding the latest starting times, we 
obtain the following table. 


I ~Gij iF 


ll - - - - 30 
10 i 30 2 28 28 
9 1 30 10 20 20 
8 10 28 10 18 18 
7 8 18 6 12 12 
9 20 6 14 
6 u 30 8 22 22 
5 7 12 8 4 4 
4 6 22 4 18 
9 20 4 16 16 
3 9 20 5 15 15 
2 g 4 4 0 
i. 8 18 10 8 8 
0 ih 8 0 
0 2 0 0 0 
0 3 15 0 15 
0 4 16 0 16 


The earliest and latest starting times and the floats are given in the 
following table. 


activity vertex earliest starting latest starting _ float 
numbered i number i time ¢; time |; Ue 
START 0 0 0 0 
A 1 0 8 8 ) 
B 2 0 0 0 
F 3 0 15 15 
I 4 0 16 16 
c 5 4 4 0 
E ) 6 4 22 18 ) 
D 7 12 12 0 
G 2 8 18 18 0 ) 
if ) 9 18 20 2) 
H = 10 28 28 0 5 
FINISH i 30 30 0 


Solution 4.1 
The steps involved in applying the algorithm are given below. 


START 
STEP 1 


STEP 2 
STEP 1 


STEP 2 


STEP 1 
STEP 2 


STEP 1 


STEP 2 


STEP 1 
STEP 2 


Set project clock to 0 days. 


Activity A is assigned to worker 1. 
Activity B is assigned to worker 2. 


Advance project clock to 2 days. 
Activity B is completed; worker 2 is free. 


Activity C is assigned to worker 2. 


Advance project clock to 7 days. 
Activity A is completed; worker 1 is free. 
Activity E is free to be started. 


Activity E is assigned to worker 1. 
Advance project clock to 17 days. 


Activities C and E are completed; both workers are free, 


Activities D and G are free to be started. 
Activity D is assigned to worker 1. 
Activity G is assigned to worker 2. 
Advance project clock to 22 days. 
Activity G is completed; worker 2 is free. 
Activity H is free to be started. 

Activity H is assigned to worker 2. 
Advance project clock to 25 days. 


Activity D is completed; worker 1 is free. 
Activity F is free to be started. 


The current state of the scheduling of activities is as follows. 


time 0 2 4 6 8 10 12 14 16 18 20 22 24 26 


woe [BT ee [# 


STEP 1 
STEP 2 


STEP 1 


STEP 2 


STEP 1 


STEP 2 


STEP 3 


The final schedule is shown below. It is an optimum schedule — no other 


time on 
project clock 

Activity F is assigned to worker 1. 

Advance project clock to 27 days. 

Activity F is completed; worker 1 is free. 

Activity | is free to be started. 

Activity | is assigned to worker 1. 

Advance project clock to 29 days. 

Activity I is completed; worker 1 is free. 

Activity ] is free to be started. 

Activity J is assigned to worker 1. 

All the activities have been assigned. 

Advance project clock to 30 days. 

Activity H is completed; worker 2 is free. 

Advance project clock to 32 days. 

All the activities have been completed. STOP. 


schedule has a shorter completion time. 


time 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 


wos [Pa ee] 
wows BT ee TT] 


completion 
me 
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Solution 4.2 
(a) By inspection, there are four critical paths via vertices A, H, L; 
A, 1,1; A,J,L; A, K, L. The minimum completion time is 17 minutes. 


The latest starting times and durations (in minutes) for the activities 
are given below, 


activity: A B C€ D BF F GH PT 7 KF £ 
duration 2 2 2 2 10 10 10 5 5 5 5 10 
iF OO aS tS sk PF et ge Ms 


(b) Applying the critical path scheduling algorithm, we obtain the 
following schedule requiring 25 minutes for four workers. 


time 0 2 7 10 12 1415 25 
worker 1 
worker 2 
worker 3 


worker 4 


completion 
ime 
Solution 4.3 


(a) Applying the critical path scheduling algorithm, we obtain the 
following schedule requiring 36 days for two workers. 


time 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 
worker 1 


worker 2 
completion 
time 


(b) We find the value of the sum of the earliest and latest starting times 
for each activity, and rank the activities according to the values of 
these sums, as shown in the following table. 


sume+i 0 8 8 15 16 24 26 36 38 56 
activity? BoA Cc F Tf Di EF Gc yy ar 
duration 980) 8s 5) 4 6 2B) 8! 0) 2 


Applying the modified critical path scheduling algorithm with 
protection scheme, we obtain the following schedule requiring 
34 days for two workers. 


time 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 
worker 1 


worker 2 


completion 
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Solution 5.1 


(a) Using the next-fit algorithm, we obtain the following plan requiring 


6 planks. 


a A Te Ta ae 
planks 


(b) Using the first-fit algorithm, we obtain the following plan requiring 


5 planks. 
129 


(c) Using the first-fit 


Fi 2 3 4 5 
planks 


decreasing algorithm, we obtain the following 


plan requiring 5 planks; in this plan only two feet of plank 5 are used 
and one foot is unused in each of planks 2 and 4. 


> 


(feet) J 


o- 


(d) By trial and error, 
only 4 planks. 
12 


94 


eh «J 
(eet) * 


34 


1 iz 3 4 5 
planks 


we obtain the following optimum plan requiring 


Other optimum plans can be 
obtained by interchanging sections of 
J 
° 1 2 3 4 
planks 
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Solution 5.2 


(a) Using the next-fit algorithm, we obtain the following schedule 
requiring 6 workers, 


activi 
ston 6 


mu 


(b) Using the first-fit algorithm, we obtain the following schedule 
requiring 4 workers, which is clearly an optimum schedule. 


24 


oul 
ictivit 
desaton 6 
(days) 
| 
a 


o4 


i 2 3 4 


workers, 


(c) Using the first-fit decreasing algorithm, we obtain the following 


schedule requiring 
12> 
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4 workers, which is clearly an optimum schedule, 


1 2 3 4 
workers: 
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